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Abstract: We study 5d supersymmetric black holes which descend from strings of generic
N = (1; 0) supergravity in 6d. These strings have an F-theory realization in 6d as D3
branes wrapping smooth genus g curves in the base of elliptic 3-folds. They enjoy (0; 4)
worldsheet supersymmetry with an extra SU(2)L current algebra at level g realized on
the left-movers. When the smooth curves degenerate they lead to multi-string branches
and we nd that the microscopic worldsheet theory ows in the IR to disconnected 2d
CFTs having dierent central charges. The single string sector is the one with maximal
central charge, which when wrapped on a circle, leads to a 5d spinning BPS black hole
whose horizon volume agrees with the leading entropy prediction from the Cardy formula.
However, we nd new phenomena where this branch meets other branches of the CFT.
These include multi-string congurations which have no bound states in 6 dimensions but
are bound through KK momenta when wrapping a circle, as well as loci where the curves
degenerate to spheres. These loci lead to black hole congurations which can have total
angular momentum relative to a Taub-Nut center satisfying J2 > M3 and whose number
of states, though exponentially large, grows much slower than those of the large spinning
black hole.
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1 Introduction
A lot has been learned about BPS black holes in 5 and 4 dimensions in the past twenty years.
In particular the entropy of BPS black holes which preserve 4 of the supersymmetries have
been matched to the expectations based on the Bekenstein-Hawking entropy formula. This
has been achieved for d = 5 supergravity theories with N = 4 and N = 2 supersymmetry
(coming in particular from type II strings on T 5 or K3  S1) [1]. Similarly for N = 1
supersymmetry, in the context of F-theory on M  S1 where M is an elliptic CY 3-fold,
this has also been shown to give rise to the expected macroscopic entropy of the BPS
black holes [2]. Finally, also for N = 2 supergravities in d = 4 realized as type II strings
on a CY 3-fold X, viewed as M-theory on X  S1, the entropy has been matched to the
microscopic theory [3]. These results all rely heavily on the realization of the black holes as
BPS strings wrapped on a circle in one higher dimension. In the case of d = 5 the strings
arise by wrapping D3 branes on a 2-cycle C in the base of M and in the case of d = 4 they
arise1 by wrapping M5 branes on a 4-cycle in X. The two pictures are related by duality
between F-theory on M  S1 with M-theory on X = M , where D3 branes wrapped on a
surface go over to either M2 branes if they wrap the circle, or M5 branes wrapped on a
4-cycle (elliptic bration over the surface) if they do not wrap the circle.2 Spinning BPS
black holes exist in 5d. Moreover, the macroscopic solution for a spinning black hole has
been found and matched to the microscopic count of the BPS strings in 6d, for the cases
of N = 2; 4 supersymmetries in 5d [4] but not for the minimal N = 1 case. One aim of
this paper is to remedy this gap and extend the computation for 5d black holes in [2] to
the spinning case. The main ingredient in this direction is the identication of an SU(2)L
current algebra on the CFT side and computing its level. We show how this arises from
D3 branes wrapped around a genus g curve on the base of F-theory, leading to an SU(2)L
current algebra of level kL = g.
However, we encounter a number of surprises: we nd that there are, in addition to
single string congurations, multi-string congurations in 6d which do not bind in 6d but
are bound through KK momenta once they wrap a circle. This is based on recent discoveries
in the context of strings of 6d (1; 0) SCFT's [5{11] as well as related computations of
topological strings for compact elliptic 3-folds [12]. The multi-string congurations can
be viewed as coming from 2d CFT's which do not have normalizable ground states. In
gauge theory terminology, they arise as we go from one Higgs branch to another and are
localized where the Higgs branches meet. In particular we nd an intricate structure of
such branches of CFT's which lead to distinct theories in the IR with a diverse range of
central charges. A similar phenomenon, where the two branches were Coulomb and Higgs
branches, has already been pointed out in [13]. The case we are seeing here is similar
in that the phases get disconnected, but it involves transitions between Higgs branches.
1This has led to a misconception that black holes always arise from strings in one higher dimension.
That this cannot be the case is clear if for example one considers M-theory on the quintic 3-fold. In this
case there is only one charge direction that the M2 brane can wrap, so the dual 5d black hole cannot arise
from oscillator modes of a wrapped string in one higher dimension which would require at least two charges.
2However the congurations needed to lead to macroscopic black holes in 4d require wrapping on a
dierent type of 4-cycles than those that arise from strings in 6d.
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Unlike the case of AdS3  S3  K3 and AdS3  S3  T 4 for which the Coulomb branch
generically play no crucial role [15], in the case of AdS3  S3  B where B is the base of
F-theory compactications, we expect that the singularities in the Higgs moduli spaces,
which signal the existence of other branches, are not removable. The eective central
charge for the CFT's in various branches are lower than the one which corresponds to the
single centered black hole. Generically if we distribute the charges of a BPS black hole
to various centers, the entropy goes down, as the entropy grows as Q3=2. In general such
multi-centered black holes would not be bound. In our case, however, we nd that the KK
momenta (which from the 5d perspective can be viewed as another charge for the black
hole) binds these multi-black holes into one object.
Another surprise we encounter is that a certain subset of congurations involving
KK momenta bound to strings leads to black hole states which can have total angular
momentum satisfying J2 > M3, but whose number of states scales much slower than those
of the large spinning black hole. Naively, this seems to indicate a violation of the cosmic
censorship bound (CCB),3 but there is no contradiction if such states have large orbital
angular momentum relative to a Taub-Nut center.4 Within our setup the total angular
momentum can be interpreted as momentum along the Taub-NUT circle and we observe
states with arbitrarily large angular momentum for xed black hole charges, i.e. J is not
bounded from above by the charge. Also, we nd that these states do contribute to the
index, contrary to the states observed in [14]. In particular if we consider the black hole
entropy for a xed charge class C and a xed momentum n around the 6d circle, as a
function of (BPS protected) SU(2)L spin J we nd that the entropy goes as shown in
gure 1. Namely for J2 < M3 the entropy is dominated by the large spinning black hole
satisfying S  pC2n  J2 but for J violating this bound the entropy does not vanish
and to leading order is independent of J and grows as S  pCn, no matter how large
J is. In the rst phase J denotes the internal angular momentum or the internal spin of
the black hole whereas in the second phase J is the total angular momentum including
the orbital one. States of the second phase arise when the curve in the base of F-theory
picks up momenta which are localized at the intersection of the curve with D7 branes.
These intersection points lead to C  [D7] = C  12c1(B) complex fermions whose momenta
around the circle lead to states violating the cosmic censorship bound. This leads to
a degeneracy of such states going like exp(2
p
2c1(B)  C  n) which scales as exp(a0Q),
and is subdominant to the macroscopic black hole whose entropy scales as Q3=2. In the
dual M-theory, these correspond to higher genera curves which degenerate to a sphere
by attaching to tori at loci where the tori have degenerated. More generally, we argue
that for M-theory compactied on any Calabi-Yau threefold, when a genus g M2 brane
degenerates to a sphere, it leads to black hole states with large orbital angular momenta
violating the bound M3 > J2. We will henceforth sometimes denote these states as CCB
3For an account on CCB violating states in the context of black hole entropy see [14].
4The Taub-NUT geometry is introduced here as a regulator so that we have an origin with respect to
which we can measure orbital angular momentum. The results, in particular the topological string partition
function, do not depend on the radius of the Taub-NUT geometry and we will take this radius to be innite
in order to arrive at R4.
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Figure 1. The entropy of a spinning black hole corresponding to large charge Q with SU(2)L
spin J is schematically plotted here for xed charge Q as a function of J . We see that the states
J2  Q3 have an entropy which grows linearly with
p
Q2 independent of J . These large values
of J are due to large orbital angular momentum. For black holes arising from strings in 6d,p
Q3   J2  pC2n  J2 where C denotes the string charge and n is the momentum around the
circle and the large angular momentum states scale as
p
Q2  pCn.
violating states although this is not true in the strictest sense of the word as explained
above. These have a simple interpretation: They arise as the usual angular momentum
states of individual BPS particles comprising the black hole ensemble. In fact the puzzle is
if there are always orbital angular momentum states for any value of Jorb why the entropy
is not a constant function of angular momentum taking always the maximal possible value
Q3=2 corresponding to Jspin = 0 and Jtot = Jorb? That is the total angular momentum for
xed charge Q is fully comprised of orbital components and the internal spin is zero to yield
maximum entropy. The answer to this turns out to be very interesting and relates to the
fact that the index of the black hole states is all that is protected in various phases and the
particles which comprise the bulk of the black hole have an index contribution that cancels
the orbital angular momentum contributions except for a smaller subset whose growth is
subdominant to the usual black hole entropy as was mentioned above.5 We point out that
the same states also exist for type IIB compactication on K3  S1 where they are dual
to certain Dabholkar-Harvey states [16] of heterotic strings on T 5.
Similarly in 4d, the strings studied in [3] correspond to single string congurations
which account for the macroscopic entropy of single-center 4d BPS black holes. However,
the branches involving multi-M5 branes lead to multi-strings wrapped around the circle
which lead to bound states. The possibility that wrapped M5 branes should lead to many
5This employs and elucidates a feature that was observed in [2] where it was noted that the entropy
index of the black hole is subdominant for genus 0 curves.
{ 4 {
J
H
E
P
0
1
(
2
0
1
6
)
0
0
9
2d CFT's was raised as an option to resolve the entropy enigma [17] for 4d black holes. Here
we see that these degenerate congurations, even though generally lead to lower entropy
states, nevertheless do make up the dominant contribution to the black hole entropy in
certain phases.
The organization of this paper is as follows: in section 2 we discuss the basic setup and
preview the main results of the paper. In section 3 we develop some technical aspects of
6d strings which arise from wrapping D3 branes around holomorphic 2-cycles in the base
of F-theory geometry. Moreover, we show the existence of an SU(2)L current algebra and
we demonstrate the existence of the multi-string phases. Section 4 relates these phases
to properties of meromorphic Jacobi forms, and we compare the F-theory setup with the
more traditional K3 compactications. We also use the relation between the topological
string and spinning black holes [18{20] to draw some general lessons about the black hole
entropy and in particular the growth of states for large angular momentum at innity. In
section 5 we discuss the example of elliptic 3-folds over a P2 base. Macroscopic aspects of
the spinning black holes are discussed in section 6 and nally in section 7, we end with
some concluding thoughts. Some technical details are postponed to the appendix.
2 Basic setup
We are interested in this paper in theories with 8 supercharges, in d = 6; 5 and 4 dimensions
with N = (1; 0); 1; 2 supersymmetries respectively. In particular we would be interested in
realizing these theories as F-theory, M-theory and IIA strings on elliptic Calabi-Yau 3-folds
respectively.
Let us rst consider F-theory on an elliptic CY 3-fold, consisting of a complex 2
dimensional base B and the elliptic ber varying over it, which captures the coupling
constant of type IIB theory up to SL(2;Z) duality. Non-compact versions of this theory
have been recently studied [21{23] leading to a conjectured classication of all (1; 0) SCFT's
in 6 dimensions. These theories have strings which arise from D3 branes wrapped over
2-cycles of B. Moreover the structure of the BPS strings in these theories have been
investigated in [5{9, 11]. These strings carry a (0; 4) SCFT on their worldsheet. But there
is more structure: such strings in six dimensions have four transverse directions. Therefore
the SO(4) rotational symmetry should act on the worldsheet. Let us denote this global
SO(4) symmetry as SO(4) = SU(2)L  SU(2)R. Some of this symmetry will be realized
as acting on the position of the center of mass and the associated oscillators, and the rest
of it will lead to a current algebra acting on the internal degrees of freedom. As we will
discuss in detail in the next section this internal SU(2)L gives rise to a left-moving SU(2)
current algebra on the worldsheet, and SU(2)R gives rise to a right-moving SU(2) current
algebra, which can be viewed as part of the N = 4 right-moving supersymmetry algebra
on the worldsheet.6
6In the non-compact case, there is in addition an extra SU(2)0 R-symmetry which commutes with the
supersymmetry currents on the worldsheet and is a left-moving symmetry. This will be absent for the
compact case which is the main focus of this paper.
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The totality of such strings correspond to all the possible ways we can wrap a curve
C  B. As in [2] we will be interested in the situation where C can be deformed inside B,
unlike the SCFT case where C is rigid. Apart from the center of mass degree of freedom,
we expect to have in the IR a conformal theory with a discrete spectrum. Moreover, we
nd that the SU(2)L global symmetry of the transverse R4 rotation is realized, apart from
its action on the center of mass of the strings, as a left-moving current algebra whose level
is kL = g(C) where g(C) is the genus of C.
Next we consider compactifying this theory on a circle of radius R. By the duality
between F-theory and M-theory, this is equivalent to M-theory on an elliptic 3-fold where
the area of the elliptic ber is given by 1=R. The strings of 6d will now have two options:
either they wrap the circle or they don't. If they wrap it, they can also carry momentum
along the circle p = n=R. In 5d they correspond to BPS particles. In the M-theory
description of the 5d theory, they will correspond to M2 branes wrapping the class C in
the base and glued to n tori bers. If they do not wrap the circle, they will still be a string
in 5d and in the M-theory setup they correspond to M5 branes wrapping the four cycle bC,
which is the total space of the elliptic bration over C.
On the other hand there is a relation between the partition function of BPS states and
the topological string [18, 19, 24]. Alternatively, the partition function of the topological
string can be interpreted as computing the partition function of spinning BPS black holes in
5 dimensions [20]. More precisely, we consider compactifying the theory on one more circle,
where as we go around the circle we rotate the 2-planes of R4 by angles (; ), which can
be interpreted as the partition function of the Cartan of SU(2)L. On the other hand, for
elliptic threefolds, this same partition function can be viewed from the perspective of the
6d BPS strings as was shown in [5]. Let ZC(; ) denote the elliptic genus [25, 26] of the
(0; 4) strings arising from D3 branes wrapping a class C of the base, where  denotes the
modulus of the torus and  denotes turning on Wilson lines in the Cartan of SU(2)L:
ZC(; ) = Tr( 1)F qL0qL0 e2iJL3  ;
where the trivial curve class C gives ZC = 1. This leads to the formula [5, 9]
Ztop(;~t; ) = Z
5d
BPS = ZBH = Z0(; )
X
C
ZC(; )e
 ~tC ;
where Z0 is the contribution from the massless multiplet in 6d compactied on a circle:
7
Z0(; ) =
Y
m>0
(1 e2im) m=2
Y
n>0;m>0
(1 qne2im) m( 2B)
Y
n>0;m>0
(1 qne2i(m1)) mB ;
where  is the Euler characteristic of the CY, X:  = 2h1;1(X)  2h2;1(X) and B is the
Euler number of the base B of the CY. This can be obtained from nding the contribution of
massless 6d modes (hypers and vectors contribute to the second term and tensor contributes
to the third term), when combined with their KK modes. Moreover (;~t) denote the Kahler
classes of the elliptic ber and the base B. Here ZBH denotes the 2nd quantized partition
function for BPS spinning black holes where  is dual to the Cartan of SU(2)L of the BPS
black hole.
7We are suppressing the classical cubic term and the one loop linear term.
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The fact that ZC(; ) is the elliptic genus of a worldsheet implies that it has to have
nice modular properties, and they transform as Jacobi forms. Indeed we have
ZC( 1=; =) = e2ik2=ZC(; ) ;
where k = g(C) 1 is the eective `level' of SU(2)L or more precisely its anomaly coecient
(the g(C) comes from a current algebra, while  1 comes from the contribution of the
center of mass of the string). As was shown in [5] this modular property of the topological
string partition function reexpressed in terms of the elliptic genus of 6d strings explains
the observations of [27{29] about holomorphic anomaly of the topological string partition
function for elliptic Calabi-Yau threefolds. Notice that, as written, the sum over C leads
to an object which does not have a well-dened modular property because dierent C's
have dierent levels.8
As the curve C deforms inside B we may get singular curves, i.e. it may degenerate to
nC curve components i with multiplicity di. Of course the class of [C] must be equal to
[C] =
nCX
i=1
di[i] :
In such a case we get
PnC
i=1 di distinct strings which lead to a 2d theory with gauge group
on the worldsheet:
nCY
i=1
U(di) ;
where the maximal abelian gauge group is U(1)nCM with nCM =
PnC
i=1 di the center of
mass modes. Here there is a further substructure: namely for the di strings wrapping [i]
we have a U(di) gauge symmetry with adjoint elds whose vevs lead to Higgs branches
leading to di separable strings. For a single center of mass, as we noted before there is a
contribution of  1 to the index of the modular form. But for the U(di), as we will show,
there is a more negative contribution:
kCMi =  di(di + 1)(2di + 1)=6 ;
leading to a total contribution of the generalized center of mass to the index as
kCM =
X
i
kCMi :
Of course the net index cannot change and is still k = g 1 and so there is a compensating
positive contribution to k from the numerator in ZC . Taking into account the eect of
8As discussed in [5] to restore modularity we have to rescale by a non-holomorphic piece in  :
ZC ! Z^C = exp(k2=2)ZC :
It is easy to check that under modular transformation this cancels the prefactor of the eective level and
leads to a modular invariant object. This is because 2 ! 2=2 and 2 ! 2=j j2. Note also that this
prefactor disappears in the asymmetric limit where we x  but send  !1, which is as expected for the
holomorphic anomaly. In this paper we will not worry about this distinction and ignore this non-holomorphic
prefactor, except when we talk about modular properties of the full partition function Z.
{ 7 {
J
H
E
P
0
1
(
2
0
1
6
)
0
0
9
center of mass, which is the only source of potential divergence in the partition function
of the 2d theory, and estimating the order of the pole of the modular form, allows us to
restrict the form of the contribution of various CFT branches to the black hole entropy.
In the computation of the total elliptic genus for the full CFT, we receive contributions
from all branches. These include the single string branch as well as the other branches. At
rst sight one may think that to match to the black hole entropy the only contribution we
need to take into account is that of the single string branch, as the other ones would have
multi-centers and are thus not bound. However, as already noted we nd evidence that
where the single string branch meets the other branches there are additional contributions
to the elliptic genus which correspond to bound states of such black holes. Indeed we can
subtract from Zd the contribution from disconnected strings (which is part of Zd). But
even after such a subtraction, it turns out there are contributions to bound states which
cannot be viewed as wrapping a single string d times around the circle. Moreover it can
be seen that without the KK momenta, these bound states disappear. So the KK mode
binds them.
In other words, the 2d theory W decomposes to a number of disconnected CFT's W,
where each  corresponds to a decomposition [C] =
PnC
i=1 di[i]. We have
W = W :
All of these CFT's have a continuous spectrum, corresponding to generalized center of
mass degrees of freedom of the string. The one which has only 4 center of mass degrees of
freedom corresponds to a single string. We will denote this with Wmax which corresponds
to the case where C consists of a single component, and thus with gauge group U(1). This
branch will give us the maximal central charge cmax(C). It may sound surprising that a
given 2d QFT ows to disconnected CFT's. This was already argued for in [13] for certain
2d QFT's based on the fact that Higgs and Coulomb branch of the corresponding theories
have dierent central charges. This situation also occurs for type IIB theory compactied
on K3 or T 4 (where the elliptic bration of F-theory is constant) [15]. In those cases
the Coulomb branch can be avoided by turning on suitable B-elds. This however is not
possible in our case, and where Wmax meets the other Higgs branches, there are additional
contributions to the elliptic genus which shows that they cannot disappear by deformations.
Therefore in these cases we expect that the corresponding Higgs branches correspond to
sigma models which have non-removable singularities. Their contributions to the elliptic
genus arises from congurations which in the CFT language arises from states of various
CFT's localized near the singularities. These are precisely where the eective central charge
can be lower than the bulk. We nd evidence, through the computation of elliptic genus,
that the eective central charge associated with these states are given by central charges
of the multi-string branches:
ce =
X
i
dicmax(i) < cmax(C) ; (2.1)
where [C] =
P
di[i]. Figure 2 illustrates this multi-branch structure.
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Figure 2. The single string branch is connected to multi-string branches in the UV. In the IR
they lead to disconnected CFT's. However, there are additional contributions to the elliptic genus
of the full CFT where the branches meet which correspond to multi-string states which are bound
by KK-momenta. The eective central charge of these bound strings is expected to be the same as
that of the multi-string branches.
An interesting subset of these branch degenerations correspond to when C degenerates
to a sphere. We will see later that these are the congurations which lead to violations of
the cosmic censorship bound M3 > J2.
Having set these preliminaries, we are now ready for a more detailed discussion in the
next section.
3 Strings from D3-branes
In this section we study the eective two-dimensional theory arising by wrapping D3-
branes on curves inside the base B of an elliptic Calabi-Yau threefold compactication in
F-theory. We will begin with deriving the eld-content of the two-dimensional theory of
a single D3-brane wrapping a genus g > 0 curve C inside B. We will rst assume that
C is non-degenerate. This is somewhat complicated, because the S-duality acts on the
worldvolume of the D3 brane, as its coupling constant is varying and jumping by SL(2;Z)
transformations. Nevertheless as we shall see some aspects of the resulting theory can be
deduced easily in this way, including the amount of supersymmetry and the existence of
an SU(2)L current algebra, including its level. But for some other aspects of the theory it
is more convenient to use its duality with M5 brane wrapping the 4-cycle bC (the elliptic
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bration over C), which was studied in [2], extending the cases studied in [3] to non-
ample divisors.
Let us start with the D3 brane description and consider the following brane congu-
ration in type IIB string theory:
Rjj R4? B
X0 X1 X2 X3 X4 X5 X6 X7 X8 X9
D3                
The R-symmetry of the D3-brane worldvolume theory is:
SO(6)  SU(4)R ! SO(4)R U(1)R ; (3.1)
where SO(4)R  SU(2)L  SU(2)R arises from rotations in the R4? plane transverse to
the D3 brane and U(1)R corresponds to rotations in the X
8, X9 plane. Furthermore, we
identify the Lorentz symmetry of the two-dimensional worldvolume R2jj of the strings as
U(1)jj and the canonical line bundle of Cg gives rise to a U(1)C-symmetry rotating in the
plane X6, X7. Next, note that for D3-branes in F-theory there is a further U(1), which
we denote by U(1)D, studied in [30]. This is due to the fact that the four-manifold B has
non-trivial rst Chern class and hence one has to vary the axio-dilaton eld over B in order
to preserve supersymmetry. This leads to a non-trivial connection
A = 1
2Im
dRe ; (3.2)
dening for non-constant  a U(1)D line bundle LD. In fact we have c1(LD) = c1(B).
Fields which transform with U(1)D-charge qD can be regarded as sections of L
qD
D .
We next want to decompose the supercharges and eld content on the D3-brane world-
volume with respect to the full group
G = SU(2)L  SU(2)R U(1)jj U(1)C U(1)R U(1)D : (3.3)
The resulting theory will be twisted [30] in order to preserve supersymmetry. Initially,
before the twisting, the eld content of a D3-brane consists of a gauge eld A, six scalars
'i, and eight fermions 	IA and
~	I _A, where A = 1; 2 (
_A = _1; _2) denote the left-(right-
)moving Weyl indices, and I = 1; : : : ; 4 transform in the 4 or 4 of the internal R-symmetry
group SU(4)R. These elds transform as follows under the combined (Euclidean) group
SO(4) SU(4)R = SU(2) SU(2) SU(4)R:
A 2 (2;2; 1) 'i 2 (1;1;6v) 	IA 2 (2;1;4) ~	I _A 2 (1;2; 4) ; (3.4)
and the sixteen supercharges transform as
QAI 2 (2;1; 4) ~QI_A 2 (1;2 ;4) : (3.5)
Furthermore, as explained in [30], the supercharges QAI and ~Q
I
_A
have qD-charges +
1
2 and
 12 and the pair (	IA; ~	I _A) transforms with U(1)D-charges (+12 ; 12).
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Next, let us look how the supercharges transform under the group G above:
QAI  ! (2; 1;+;+;+;+) (1; 2;+;+; ;+) (2; 1; ; ;+;+) (1; 2; ; ; ;+)
~QI_A  ! (2; 1;+; ; ; ) (1; 2;+; ;+; ) (2; 1; ;+; ; ) (1; 2; ;+;+; ) (3.6)
Now we dene a twisted theory by modifying the generators as follows:
T 0C = TC + TR; T
0
D = TD + TR : (3.7)
Then we nd that the surviving supercharges which are neutral under U(1)0C and U(1)
0
D
are (1; 2;+;+; ;+) and (1; 2;+; ;+; ). We thus see that the eective two-dimensional
theory on R2jj has (0; 4) supersymmetry and that the supercharges transform as doublets of
SU(2)R. To summarize, we nd that the supercharges transform under the modied group
G0 = SU(2)L  SU(2)R U(1)jj U(1)0C U(1)0D (3.8)
as
(1; 2)+;0;0; (1; 2)+;0;0 : (3.9)
Analogously, we nd for the scalars ' and the fermions 	:
'i  ! f' _ 2 (2; 2)0;0;0g  f 2 (1; 1)0;1;1g  f 2 (1; 1)0; 1; 1g
	IA  ! (1; 2)+;1;1  (2; 1)+;0;0  (1; 2) ;0;1  (2; 1) ; 1;0
~	I _A  ! (1; 2)+; 1; 1  (2; 1)+;0;0  (1; 2) ;0; 1  (2; 1) ;1;0 : (3.10)
In a dimensional reduction of this theory to R2jj the components of the gauge eld parallel
to C transform like the scalars  and  and thus pair up with these. We next want to study
such a dimensional reduction. This is done by counting zero-modes of the relevant elds on
the Riemann surface C which amounts to counting zero-sections of the corresponding line
bundles. Fields with charge vector (qC ; qD) transform as sections of line bundles K
qC
C 
LqDD .
Let us rst focus on the charge sector (qC ; qD) = (1; 1). Then, using Riemann-Roch, we get
(C;KC 
 LD) =
Z
C
c1(KC) + c1(LD)  c1(KC)
2
= g   1 + c1(B)  C; (3.11)
where g is the genus of C and we have used c1(LD) = c1(B). Now  = h
0   h1 but in our
case we can use Kodaira vanishing since LD is an ample line bundle and we get
h1(C;KC 
 LD) = 0 : (3.12)
Therefore, we get
h0(C;KC 
 LD) = g   1 + c1(B)  C and h0(C;L 1D ) = 0 : (3.13)
We can also immediately deduce
h0(C;K 1C 
 L 1D ) = 0 ; (3.14)
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as negative powers of ample line bundles have no non-zero sections. Similarly we get
h0(C;KC) = g and h
0(C;K0C) = 1 : (3.15)
Using these we obtain the following table:9
bosons fermions
L
1 (2; 2)
2g  (2; 1)
(4g   4 + 4c1(B)  C) (1; 1)
R
1 (2; 2) 2 (2; 1)
(4g   4 + 4c1(B)  C) (1; 1) (2g   2 + 2c1(B)  C) (1; 2)
Note that the left-moving fermions include 2g copies of SU(2)L doublets, where the 2g
copies come from the 2g 1-cycles on C. We will see later how these fermions lead to the
SU(2)L current algebra of level g. Note that the right-moving bosons and fermions come
in equal numbers, which is a reection of the (0; 4) supersymmetry on the worldsheet. In
particular note that these 4-supercharges transform as 2  (1; 2) under SU(2)L  SU(2)R.
Counting the contributions to the left and right central charges of the resulting 2d
theory for all elds in the table we nd:
cD3L = 6g + 4c1(B)  C; cD3R = 6g + 6c1(B)  C: (3.16)
This count does not include the contribution of left-chiral bosons localized at points where
D7-branes pierce the Riemann surface C. For each D7 brane intersecting the D3 brane we
expect to receive a left-moving contribution. However, these are not all independent modes.
To get the full count of these degrees of freedom it is convenient to consider compactifying
the theory on a cirlce and not wrap the string around the circle. Then we have a dual
M-theory on the same elliptic 3-fold where the same string arises from wrapping M5 brane
on bC which is the total space of the elliptic bration over C. The counting of these degrees
of freedom has been carried out in [2] (which is slightly dierent from the case studied
in [3] because the divisor in our case is not ample) and it is found there that
cL = 6g + 12c1(B)  C; (3.17)
which is now the total left-moving central charge. Let us review this result. Notice that
going down to 5 dimensions the center of mass of the string, which is not wrapping the
S1, is R3. From the perspective of the 6d string whose center of mass is R4 the extra R
is now realized as a point on the compactied S1 and so R4 ! R3  S1. The S1 will be
realized, in the M5 brane setup as one self-dual and one component of an anti-self-dual
h1;1( bC) coming from the base and ber classes. Apart from the center of mass degree of
freedom, the left-moving bosonic modes can be subdivided into non-compact and compact
ones. The rst class comes from deformations of bC inside the Calabi-Yau manifold giving
rise to h2;0( bC) modes. The elds in the second class come from anti-self dual two-forms
9Note that in computing the charge for the right-movers on C we have to ip the signs in the index
computations above.
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and are thus equal to h1;1( bC)   2. Left-moving fermions come from odd cohomologies ofbC, giving a total of 4h1;0( bC) real fermions. These numbers were computed in [2] in terms
of the cohomology class of the curve C and the rst Chern class of the base B, namely
c1(B). They are given by
h2;0( bC) = 1
2
(C  C + c1(B)  C)
h1;0( bC) = 1
2
(C  C   c1(B)  C) + 1
h1;1( bC) = C  C + 9c1(B)  C + 2 : (3.18)
One can easily check that the above numbers give rise to the left-moving central charge
cL = 3C  C + 9c1(B)  C + 6 ; (3.19)
which is equal to (3.17) upon using the identity g(C) = 12(C C   c1(B) C) + 1. Similarly,
one can check that there are 2h2;0 + 1 right-moving compact bosons coming from self-dual
two-forms and 2h2;0+3 right-moving non-compact bosons coming from deformation degrees
of freedom and center of mass motion. Using supersymmetry on the right-moving side we
see that the right-moving central charge becomes
cR = 3C  C + 3c1(B)  C + 6 ; (3.20)
which is equal to 6g + 6c1(B)  C.
3.1 The left-moving current algebra
In this subsection we construct the left-moving currents arising from the 2g left-moving
fermions, each being a doublet under SU(2)L. Recall that the 2g fermions transform
as (2; 1) of (SU(2)L; SU(2)R), so they can be labeled as  

A where  = 1; 2 labels the
fundamental of SU(2)L and A = 1; : : : ; 2g labels the 1-cycles on C. However as the curve
C moves inside B the cycles undergo monodromy, so each individual  A is not well dened.
However we can combine the fermions to invariant combinations which are independent
of the markings of the 1-cycles in C. Let AB denote the skew-symmetric pairing of the
1-cycles on C, and consider
JL =
X
A;B
 A 

B
AB :
Note that since  A are fermionic and 
AB is anti-symmetric, JL is symmetric in  $ ,
i.e. it transforms as the adjoint of SU(2)L. This is the SU(2)L current we were after. Each
pair of conjugate A;B-cycles leads to an SU(2) with level k = 1. Since the above is a
diagonal sum of g such pairs, it immediately follows that JL has level kL = g.
This result will become important later not only for the single string branch but also
for the multi-string branches because the level of the current algebra comes from anomaly
matching and is thus invariant under RG-ow. Note that there is also a contribution from
the center of mass. However, SU(2)L acting on the center of mass, does not lead to a
current algebra, as is familiar from how rotation symmetries are realized in string theory.
{ 13 {
J
H
E
P
0
1
(
2
0
1
6
)
0
0
9
Even though there is no current algebra for the action of SU(2)L on the center of mass
modes, nevertheless it acts, as far as the anomaly of the SU(2)L current is concerned, as
if it has k =  1. We sometimes loosely write kCML =  1 bearing in mind that there is
no current algebra for the center of mass and we are only including its contribution to the
anomaly of the SU(2)L global symmetry. The total contribution to the SU(2)L anomaly is
kL = k
ferm:
L + k
CM
L = g   1 :
Note that due to the fact that center of mass carries SU(2)L charge, the relation L0 
Q2=4kL, where Q is the J3 charge, is no longer true. For example if  1 is an oscillator
from the center of mass, then it carries charge +1 and if we consider n 1 it carries L0 = n,
Q = n which will violate this relation for large enough n. These oscillator modes translate,
on the macroscopic side, to black hole states which violate the M3  J2 bound.
To summarize, we have found that if we have a non-degenerate C we get a (0; 4)
supersymmetric theory with
(cL; cR) = (6g + 12c1(B)  C; 6g + 6c1(B)  C) ;
and
(kL; kR) = (g   1; g   1 + c1(B)  C) :
Notice the relation
cL   cR = 6c1(B)  C ;
which will be connected to the bulk gravitational anomaly in the bulk in section 7.
3.2 Multi-string phases
Up to now we have focused on the eective two-dimensional theory of a single D3-brane
wrapping a genus g curve C. We can parametrize the class of C in terms of cohomology
classes [Ci] 2 H2(B;Z)
[C] =
h2(B)X
i=1
Qi[Ci] ; (3.21)
with integral coecients Qi. Then the genus of the curve C is computed by
g(C) =
1
2
(C  C   c1(B)  C) + 1 = 1
2
(QiQjij  Qici) + 1 ; (3.22)
where ij = Ci Cj is the intersection form on B and ci = c1(B) Ci. We see that the genus
is quadratic in the charges Qi and hence also the left-moving central charge cL.
However, this is if the curve C is non-degenerate. In fact C can degenerate to multiple
copies of lower genus curves. Consider one such degeneration, given by
C =
nCX
i=1
di
i ;
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where nC denotes the number of such curves.
10 Such a splitting we sometimes denote by
 = (d;). If this happens since we have multiple D3 branes, we will have a non-abelian
gauge symmetry on the D3 branes given by
G =
nCY
i
U(di) ;
with additional matter elds. In particular the transverse bosons are now in two copies of
the adjoint representation of G and one can use them to go to a new Higgs branch W,
and separate the strings to a total of
nCM =
nCX
i
di ;
copies. We now want to study the central charges these dierent phases will give rise to.
Naively one may think that these branches do not contribute to normalizable BPS states
when we consider the 2d CFT on a circle, and that they simply give rise to tensor products
of CFT's each of which has its own center of mass mode. This turns out to be false as was
discovered in the context of strings of the 6d SCFT's [5] and also even for the compact
case [12]. The results found there can be interpreted as the statement that even though
in the IR we may ow to disconnected CFT's, there are nevertheless bound states which
reside at the singular loci where these multi-string branches meet the single-string branch.
Thus we expect the same here. The multi-string branch structure translates at the level
of the elliptic genus to a splitting such that for each sub-sector  the elliptic genus is
given by a meromorphic Jacobi-from Z which is itself given by the quotient of two weak
Jacobi-forms N and Z

0 . Thus we have
Z = N=Z

0 :
The total elliptic genus is then given as a sum of these sub-sectors
ZC =
X

Z: (3.23)
We will analyze the growth of the coecients of ZC and use this to estimate the central
charges of the sub-sectors Wmax andWmin which come from the multi-string branches. We
refer to a more thorough discussion of meromorphic Jacobi forms to appendix A.
3.2.1 Evaluation of Z0
There are two sources of singularity in the elliptic genus Z. One arises because of the
contribution of additional center of mass modes, and the other arises by the contribution
of the vacuum energy, which contributes a pole qr for some r < 0. Finding r is relatively
easy: if we go down on a T 2 to 4d and wrap the string only on one circle and consider
the dual type IIA theory picture, involving wrapped D4 branes on bC (the elliptic bration
10To avoid too many dierent indices, we use the same index for the number of curve components and
for the elements in H2(B;Z). It should be clear from the context what is meant.
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over C), the most singular term in the elliptic genus simply measures the D0 brane charge
induced on the D4 brane charge as in [31, 32]. In this case we nd that
r =
p1( bC)
48
;
where p1( bC) is the Pontryagin class of bC. For bC elliptic one can show that p1( bC) =
 2( bC) =  24c1(B)  C, which leads to
r =  1
2
c1(B)  C
(this can also be anticipated from the Gotsche formula for the partition function of sym-
metric products of bC). If we consider
Z  ()12c1(B)C ;
the resulting partition function will have no poles as q ! 0.
Now we come to estimating the structure of the singular contribution due to the center
of mass modes. If we ignore the SU(2)L parameter , up to the divergent volume factors,
this should be simply
1=()4d ;
for 4  d transverse bosons. Of course these come from part of 12c1(B) C discussed above
in computing the singular piece of Z. Now we wish to restore the  dependence. First let
us consider the case of a single string, so d = 1. In this case we have just the usual center
of mass of a single string and noting that the transverse direction splits to two copies of
the spin 1/2 representation of SU(2)L, this leads to the contribution (with y = e
2i):
ZCM1 =
1
yq1=6
Q1
n=1(1  qny)2(1  qn 1y 1)2
:
To get rid of the negative power of q which is already accounted for in r by the  12c1(B)C
term, we consider
Z^CM1 =
Q1
n=1(1  qn)4
y
Q1
n=1(1  qny)2(1  qn 1y 1)2
;
which accounts for the y-dependence of the singularity for the single string case. The
function Z^CM1 can be written in terms of well-known #1 and  functions as (with q = e
2i ,
z = e2i):
Z^CM1 (; ) =
()6
#1(; )2
=
1
' 2;1(; )
: (3.24)
As indicated in this equation, Z^CM1 is the inverse of the weak Jacobi form ' 2;1 of weight
w =  2 and index k = 1. Some properties of this function are discussed in the appendix
along with other relevant facts about Jacobi forms .
As is clear from the above representations, the function Z^CM1 (; ) is meromorphic in
the  variable, with poles at  = Z+Z. The key physical distinction between holomorphic
Jacobi forms and meromorphic Jacobi forms is that the states captured by the holomorphic
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ones satisfy L0 > J
2
L=4k (up to a shift of L0 by c=24) but those of the meromorphic ones
only satisfy L0 > 0 (again up to a shift by c=24). This is clearly necessary for conformal
theories which include rotations acting on non-compact generalized center of mass degrees
of freedom. Now consider the contribution to the center of mass where we have, say d,
identical strings. In this case we may think that we simply get (ZCM1 )
d. But this does
not take into account that we need to symmetrize the identical strings. In particular
if we denote the transverse position of a string in a transverse complex plane by zi, the
invariant combinations we get are
Pd
i=1 z
s
i for s = 1; : : : ; d. This leads to a dierent SU(2)L
contribution of the form
Z^CMd =
dY
s=1
Z^CM1 (; s) =
dY
s=1
1
' 2;1(; s)
:
So taking into account all the distinct strings we get
Z^CM =
nCY
i=1
diY
si=1
1
' 2;1(; si)
:
Putting these two ingredients together we nd that the singular contribution to Z is
given by
Z0 =
1
()12c1(B)C
QnC
i=1
Qdi
si=1
' 2;1(; si)
We then dene N = Z
=Z0 which gives a non-singular weak Jacobi form. As we have
argued above for each decomposition  of C to curves we expect the elliptic genus to be
expressible as
Z(; ) =
N(; )
()12c1(B)C
QnC
i=1
Qdi
si=1
' 2;1(; si)
; (3.25)
where N is a weak Jacobi form. We now determine the weight and index of N. Since Z

has modular weight zero, we learn that the modular weight is 6c1(B)  C   2nCM (where
nCM =
P
i di). Moreover the index of the denominator can be computed using the fact
that the index of ' 2;1(; si) is s2i , so
kdenom =
ncX
i=1
diX
si=1
s2i =
1
6
ncX
i=1
di(di + 1)(2di + 1) :
Since kL = g 1, as we have argued before, and this should not change in various branches,
it implies that the index of N is given by
kN = g   1 + 1
6
ncX
i=1
di(di + 1)(2di + 1) :
Thus we see that the weight and index are given by
(wN ; kN ) = (6c1(B)  C   2nCM ; g   1 + 1
6
ncX
i=1
di(di + 1)(2di + 1)) : (3.26)
We note, for later use, that the weight is positive and the index is non-negative.
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On the other hand the full Z is a meromorphic Jacobi form and has weight and index
(wZ ; kL) = (0; g   1) : (3.27)
Here we have discussed the contribution to the elliptic genus for each branch  correspond-
ing to a particular degeneration of C. The total elliptic genus for a D3 brane wrapping C
is given by
ZC(; ) =
X

Z(; ) :
Sometimes it is convenient to combine these contributions to one object, by combining the
denominators together.
For example, for the case of B = P2 when we consider a degree d curve we can write
Zd as
Zd =
Nd(; )
36d
Qd
s=1 ' 2;1(; s)
; (3.28)
where Nd(; ) is a weak Jacobi form of weight and index
(w; k) =

16d; g   1 + 1
6
d(d+ 1)(2d+ 1)

;
where g = 12(d
2   3d) + 1.
The bottom line is that the generating functions of BPS degeneracies (3.28) are meror-
morphic Jacobi forms. The gravitational physics associated to such meromorphic Jacobi
forms is somewhat dierent from that of classical, holomorphic, Jacobi forms like the ones
considered in [1]. We turn to their analysis in the following section.
4 Black holes from spinning strings
Our main goal in this section is to explain the various aspects of the ve-dimensional grav-
itational physics associated with the microscopic BPS partition functions of the F-theory
compactications that we found in section 3. We rst start by recalling the connection
between the topological string partition function and the black hole degeneracy index. In
that subsection we also explain special features for the case where Calabi-Yau is elliptic. In
the next subsection we review the simpler case of K3 compactications as a warm-up and
as a benchmark, and go on to our F-theory compactications in the third subsection. While
most of the features of the microscopic partition function in the K3S1 compactications
are explained by a large spinning BMPV black hole that obeys the usual M3 > J2 bound,
there are congurations which violate this bound which grow as exp(aQ), as long as the
KK momenta are 0. We nd that the F-theory partition function contains, in addition
congurations having arbitrary high values of spin for any value n of KK momentum, with
a degeneracy of states growing as exp(a
p
nQ) for large n.
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4.1 Topological string and spinning black hole degeneracy index
In this subsection we review the general connection between topological string degeneracies
and spinning black holes [18{20]. We will start with the general setting, and do not restrict
to elliptic CY. BPS particles in 5d carry SO(4) rotation quantum numbers of the form
(jL; jR)
 I1 ;
where
I1 = 2(0; 0) (1=2; 0) ;
and denotes the quantization of the four fermion zero modes corresponding to the broken
supercharges. (jL; jR) denotes the SU(2)L  SU(2)R quantum number of the BPS state.
A BPS state has a charge Q. Let NQ(jL;jR) denote the degeneracy of such BPS states. The
index is obtained by considering a ( 1)F insertion and in particular summing over the
SU(2)R quantum numbers. As such, it is convenient to consider the indexed degeneracy
NQjL =
X
jR
( 1)2jR(2jR + 1) NQ(jL;jR) :
If we consider an isolated genus g curve in CY, it gives rise to the jL representation given
by [18, 19]
Sg =

1
2

 2(0)

g
In general we can use this as a basis and expand any NQjL in this basis:X
jL
NQjL [jL] =
X
g
NQg Sg
where we interpret NQg as the net number of states of charge Q of genus g. Another
convenient thing to do is to consider individual J3L quantum numbers. Let
NQm =
X
jLjmj; jL m2Z
( 1)2jLNQjL :
Note that the contribution of internal spin of Sg to this index is
sTrSgy
2J3L = [ (y 1=2   y1=2)2]g = [2 sin()]2g
where we identify y = exp(2i) where  is the topological string coupling constant. Then
the partition function of the topological string is given by
Ztop(t; ) =
1Y
n=1
Y
Q
Y
m
(1  yn 1+2mexp( t Q))nNQm :
Here t denotes the Kahler class of the CY. The extra product over n in the above expression
is physically meaningful [24]: It reects the BPS content of spacetime angular momenta
for individual BPS particles. For each orbital left spin n  1 there are only n contributions
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(coming from the count of SO(4) spins adding up to n which preserve the BPS condition
and can be viewed in complex coordinates of the 4 dimensional space as zm11 z
m2
2 and lead to
left spin: (m1+m2) = n 1 ). This is sometimes ignored in counting of spinning black holes,
as one only considers the leading behaviour of entropy. However, it turns out that these
are precisely the modes which are responsible for violations of cosmic censorship bound.
Indeed even for a single BPS state, the orbital spin can be arbitrarily large, independent
of its mass, e.g. by taking ~r large in the angular momentum ~L = ~r  ~p. These orbital
angular momenta modes, which are BPS lead to violations of the bound M3 > J2. Even
though one may think this leads to a macroscopically observable violation of the cosmic
censorship bound, because there are as many of them as the number of BPS black holes,
we will show momentarily that they are always subleading contributions to the index due
to cancellations in the computation of the index.
The expression for topological string partition function can be written in a more illu-
minating way as
Z = sdet(1  y2J3Lexp( M)) ;
where sdet denote the super-determinant (taking into account fermions versus bosons) over
all BPS states and M = t Q, including the internal and orbital contribution to J3L states.
From this form, it is clear that this is a second quantized partition function and to get to
individual black holes, we need to consider the free energy F
F =  logZ =  strlog(1  y2J3L exp( M)) = X
k>0
1
k
str

y2kJ
3
L exp( kM) : (4.1)
From this one can extract a more natural object for black hole entropy index which is
simply the k = 1 term above, ~F = str

y2J
3
L exp( M). The distinction between F and ~F
becomes relevant in subleading terms, as the leading term for a xed charge comes from the
k = 1 term. In the context of an elliptic Calabi-Yau, one of the t's is the Kahler structure
of the elliptic ber given by  .
It is well known, using the Sg basis, that F can be expanded as [18, 19]:
F =
1X
Q;k;g0
NQg
1
k
exp( ktQ)  [2 sin(k)]2g 2 ;
where the [2 sin(k)]2g factor comes from the trace over Sg and the [2 sin(k)]
 2 comes
from the orbital contributions:X
n>0
nykn =
yk
(1  yk)2 =
 1
[2 sin(k)]2
:
Note that F has a second order pole in  coming from NQg=0 BPS states. As just dis-
cussed, the divergence in  can be traced to the orbital angular momenta of individual
BPS states. In particular this divergence is a signature that arbitrarily large angular mo-
menta contribute for a xed Q, which leads to a maximal violation of cosmic censorship
bound coming from arbitrarily large J values. Note that the states contributing to NQg>1 do
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not contribute to this pole. The reason is that, even though these states also have arbitrary
angular momentum states, their contribution to the index cancels between adjacent spins
for large angular momenta. This was already noted in [2] and amounts to a cancellation be-
tween states with internal and orbital angular momentum. To illustrate this phenomenon
consider the following spin-content and index contribution of two BPS states respectively:
1
2
; 0



0;
1
2

! y + y
 1
(y
1
2   y  12 )2
  2
(y
1
2   y  12 )2
=
(y
1
2   y 12 )2
(y
1
2   y  12 )2
= 1; (4.2)
where we have used that the contribution of the orbital angular momenta to the index is
of the form
y
(1  y)2 =
1
(y
1
2   y  12 )2
: (4.3)
The two contributions each give rise to an innite set of states to the entropy but we see
that there is a perfect cancellation and the divergence at y = 1 or  = 0 vanishes in the
index. The only surviving divergences thus come from the g = 0 sector of the topological
string. It is well known that NQg=0 grows as  exp(aQ) for large Q so this growth is mild
compared to the growth of BPS black holes which scales as exp(aQ3=2). We will discuss
the macroscopic implications of this in section 6.
For the case of elliptic CY, one of the t's can be replaced by  . Moreover, as we have
discussed before, the topological string partition function becomes a meromorphic Jacobi
form for a xed charge sector Q. Moreover, as we discuss in section 4.2 and 4.3, we nd
explicitly that all contributions with arbitrarily large angular momentum come from the
polar term and that there are no additional contributions to it. In particular they arise
from genus 0 holomorphic curves in the base B attached to degenerate elliptic curves.
Let C denote the class of the curve in the base. The number of points over C where
the elliptic ber degenerates is 12c1(B)  C. If we have C attached to n elliptic curves,
since we can attach ni curves over the i-th degenerate elliptic curve, we can deduce that
the combinatorics of such choices goes as the qn coecient of 1=(q)12c1C (with further
subleading contributions coming from the submoduli of C in B which xes the genus to be
0). Indeed we nd this conrmed in the example of elliptic curves over P2 later in the paper.
In the case of CY being K3 T 2, we can dene a modied version of the topological
string [20] (taking into account extra supersymmetry in this case) which counts the BPS
states of M2 branes wrapped on a genus g curve in K3 and bound to n M2 branes in
the elliptic ber. This is given by the elliptic genus of Symg(K3)  R4. Note that in
this case the elliptic ber is constant and does not degenerate, and so we cannot form a
genus 0 curve by attaching any number of elliptic curves. This translates to the statement
that with KK momenta included there cannot be any states with arbitrarily large angular
momenta. Note that at zero momentum there still can be states with arbitrarily large
angular momentum coming from curves of genus g in K3 which degenerate to spheres that
are not bound to T 2 and whose growth go as the Euler characteristic of Symg(K3). This
can be viewed as a special case of the above construction if we view this as an F-theory
model with base B = T 2P 1 where we have exchanged the T 2 of the F-theory with elliptic
ber description of K3 over P 1. The genus 0 curves arise from attaching the genus 0 curve
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Figure 3. D3-branes wrapping curves in K3 give rise to strings in 6d. Upon wrapping a circle in
a compactication to ve dimensions several strings can join to form a multi-wound string.
wrapped around P 1 to any of the 24 degenerate elliptic bers over the P 1 leading to the
generating function 1=24.
In the next section we review the K3 case from the viewpoint of meromorphic Jacobi
form, which conrms the above picture, and at the same time leads to the natural setting
to discuss the case of elliptic CY 3-folds.
4.2 K3 compactications
We begin with the ve-dimensional theory with 16 supersymmetries obtained by compact-
ifying Type II string theory on K3 S1. Consider the D1-D5 brane system wrapping the
K3 with charge Q1Q5  g, or equivalently, D3 branes wrapping a curve of genus g in K3
| thus giving us a string in the eective six-dimensional theory. This string, wrapped on
the S1, with n units of momentum around it, and with left-moving spacetime spin JL = r,
is a 14 -BPS conguration. The worldvolume theory of such strings has N = (4; 4) su-
perconformal symmetry, and n and r are the eigenvalues of the left-moving L0 and J
3
0 ,
respectively.
The partition function of this system factors into two pieces|one associated with
the internal dynamics of the eective string that is captured by the symmetric product
of the K3 SCFT, and the other associated with the center of mass modes of the string
and including all its oscillators. The latter piece is simply the R4 SCFT whose elliptic
genus is the function 1=' 2;1(; ) = ()6=#1(; )2 that we already encountered in equa-
tion (3.24). For the former piece, it is convenient to consider a grand canonical ensemble
allowing for arbitrary charge g, whose partition function is [33]:
bZ(; ; ) := 1X
g=0
(Symg(K3); ; ) e2ig (4.4)
where  here denotes the Elliptic genus. The states of this system can be divided into
sectors made up of multi-wound strings, depicted pictorially in gure 3, and multi-particle
states thereof. The grand canonical partition function of the 14 BPS states can thus be
written as11 the product of two factors:
Z5d(; ; ) =
bZ(; ; )
' 2;1(; )
; (4.5)
where (; ; ) are the chemical potentials for (g; n; r).
11There can also be additional discrete charge invariants that the brane conguration carries. The
modular structure of the general BPS partition function for arbitrary charge congurations [34, 35] is very
close to the simplest case and we shall only discuss that here.
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The xed-g partition function  g 1(; ), obtained by expanding the partition func-
tion as
Z5d(; ; ) =
1X
g=0
 g 1(; ) e2ig ; (4.6)
is a Jacobi form of weight w = 2 and index k = g 1. The BPS index for given charges (n; r)
is the coecient cg 1(n; r) in the Fourier expansion (with q = e2i and y = e2i):
 g 1(; ) =
X
n;r
cg 1(n; r) qn yr : (4.7)
Since the supersymmetric index does not change under continuous changes of the moduli,
one expects that there is a macroscopic interpretation of the numbers ck(n; r) as the to-
tal indexed degeneracies of all gravitational congurations that exist for a given value of
charges (g; n; r).
An important question that immediately arises is: which gravitational congurations
exist for a given set of charges? Let us focus on a xed k = g   1, and consider states
with n > 0. When   4kn   r2 > 0 the gravitational ensemble is dominated12 by a
single black hole with degeneracy cg(n; r). On the other hand, when  is negative there
is no smooth black hole horizon in accordance with the cosmic censorship bound. States
with negative  can be generated as follows. The four bosonic elds of the stringy center
of mass carry orbital angular momentum, and their zero modes can be excited so as to
make r large at no cost in energy. The energy n can be put into all the oscillator modes of
the R4 SCFT (with no net angular momentum), which have the usual exponential growth
of states governed by c = 6. A similar argument would say that the growth of states of
the microscopic partition function  g 1 would be governed by cL = 6g + 6, the two terms
being associated to the two SCFTs appearing in (4.5).
This, however, is not the case. As was explained in [38], the function  g 1 which
is really a supersymmetric index has a growth of states governed by c = 6k = 6g   6.
The states of the R4 SCFT with c = 6 cancel an equal contribution from the internal
degrees of freedom of the K3 symmetric product SCFT. These two sets of cancelling modes
both live in the region exterior to the black hole horizon, so that in fact the growth
of the microscopic index-degeneracy agrees precisely with the index-degeneracy of the the
gravitational modes inside the horizon of the black hole [38, 43]. In black holes with at least
four supercharges, one can further clarify this from the gravitational theory using the near
horizon AdS2. Considerations of the AdS2 ensemble suggest that states that contribute
to the black hole index-degeneracy actually have the same value of fermion number, and
therefore this suggests that by the time we get to strong coupling, the unpaired states of
the microcanonical ensemble with dierent fermion numbers have paired up [38, 39].13 We
shall perform a similar analysis for the F-theory compactications in section 6.
12Classical gravity only applies, of course, for  0, but we could allow for a conservative treatment of
quantum gravity where there is a black hole for every value of positive  [36, 37].
13This index in the gravitational theory may not always be easy to compute, as one needs to know which
modes live inside or outside the horizon [44, 45].
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The above conclusion can be understood directly and at a detailed level in the mi-
croscopic theory by using the analysis of meromorphic Jacobi forms [40]. The partition
function  k(; ) contains states whose spin is bounded above by the mass, as well as
states having arbitrarily large spin for a given mass. The microstates of the black hole
(with  > 0) are associated with the former type, while the latter states (with  < 0)
violate the cosmic censorship bound innitely. The main decomposition theorem of [40]
allows us to separate these two types of states in an elegant manner into the nite part
and polar part of the meromorphic Jacobi form, as we now describe using the function  k
as a prototype example.
We recall that the two dening transformation properties of a Jacobi form 'w;k of
weight w and index k,14 are the modular transformations
'w;k

a + b
c + d
;

c + d

= (c + d)we
2ikc2
c+d 'w;k(; ) 8
 
a b
c d
!
2 SL(2;Z) ; (4.8)
and the elliptic transformations
'(; + a + b) = e 2ik(a
2+2a) '(; ) 8 a; b 2 Z : (4.9)
The latter transformation is simply a statement of the fact that the complex parameter 
actually naturally lives on the torus C=(Z + Z). The main idea of the decomposition
theorem is to rst build a function  Pk (; ), called the polar part that has the same poles
and residues as well as the same elliptic transformation properties as  k(; ). The basic
building blocks of such functions are called Appell-Lerch sums. In our case here, the polar
part is:
 Pk (; ) = D() A2;k(; ) ; (4.10)
where the Appell-Lerch sum A2;k is given by:
A2;k(; ) =
X
s2Z
qks
2+s y2ks+1
(1  qsy)2 ; (4.11)
and the function D() is the the Laurent coecient of  k(; ) at  = 0. In the present
case, we see from equations (4.5), (4.4) that D() is simply the constant p24(k + 1), the
number of partitions of k + 1 into integers of 24 dierent colors.
The Appell-Lerch sum has the Fourier expansion
A2;k(; ) =
X
s0
X
`0
 
X
s<0
X
`0

` qks
2+`s y2ks+` ; (4.12)
where the asterisk on the summation sign means that one should count the term ` = 0
with multiplicity 1=2. This formula manifestly shows that each term in the Appell-Lerch
sum has 4kn  r2 =  `2 for some `, so that it is always non-positive. Further, we see that
14Our conventions dier from the mathematics literature, in which (k;m) is usually used instead of (w; k).
Our notation follows the physics literature in which k usually refers to level, and coincides with the index
of the Jacobi form.
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its Fourier coecients grow extremely slowly (linearly in `). In particular, we see that the
growth of states in the polar part is given, up to polynomial pre-factors that we will ignore
from now, by p24(k+1)  e4
p
k for large k, as consistent with the discussion in section 4.1
(recall that k  Q2). We also see that, for xed k, there is no exponential growth of states
as a function of n, as consistent with the macroscopic index vs degeneracy analysis above.
Having separated the states living outside the horizon, we are left with the nite part,
which contains the black hole degeneracies.15 One thus has the additive decomposition of
the partition function  k(; ):
 k(; ) =  
F
k (; ) +  
P
k (; ) : (4.13)
These two pieces are not modular by themselves|one has separated out a part of the
spectrum of the original theory and therefore it is not surprising that one breaks the original
modular symmetry. The non-trivial fact is that they have mock modular properties|which
means that one can complete these two functions by adding a  -dependent function (which
depends on another function called the shadow) to the rst piece (and subtracting it from
the second):
 k(; ) =
c Fk(; ) + c Pk(; ) ; (4.14)
so that the completed functions c Fk and c Pk are modular (but not holomorphic). This phe-
nomenon is similar to the holomorphic anomaly and has been linked to the non-compactness
of the target space of the SCFT [40, 42].
The most important part of the decomposition theorem is that nite piece  Fk is a
mixed mock Jacobi form with shadow D()
P
`2Z=2kZ #k;`(; 0)#k;`(; z). We explain the
meaning of this statement in some detail in the appendix, and here we note that it has
the following important consequences. Firstly (as is obvious from its construction),  Fk is
holomorphic in  and obeys the elliptic transformation property (4.9). This implies that
its Fourier coecients dened by  Fk (; ) =
P
n;r c
F
k (n; r) q
n yr are only non-zero for states
that obey the bound16 4kn r2   2 (with   r mod 2k), which is simply the statement
that L0 > J
2
L=4k, up to a shift of the zero-point energy. Secondly, the correction term that
we add to  F is small | in the sense that, as far as the asymptotic growth of the Fourier
coecients are concerned,  F behaves like a regular Jacobi form! Therefore the degeneracy
of black hole states grow as cFk (n; r)  exp
 

p
4kn  r2 as p4kn  r2 !1.
15The focus of the physics in [40] was four-dimensional 1
4
-BPS black holes wherein there are discontinuous
jumps at special values of moduli space. In that case, the black hole degeneracies, as dened by the
attractor contour, agreed precisely with the degeneracies of the nite part  F. Further, the polar part had
an additional 1=()24 multiplying it, and it had an interpretation as bound states of two 1
2
-BPS small
black holes. Combined with the argument [41] that the only gravitational congurations that contribute
to theories with N = 4 supersymmetry in four-dimensions are either single-centered 1
4
-BPS black holes
or two-centered bound states of 1
2
-BPS black holes, this furnished a complete physics understanding in
the N = 4 theory.
16The function  Fk also contain a nite number of states with 4kn  r2 < 0, as for any weak Jacobi form
that is holomorphic in z | these are also often called polar states in the literature (as they correspond to
poles in q). In contrast, the polar states discussed in this section correspond to poles in z, and for each
given mass, there are innitely many such states that violate the cosmic censorship bound.
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We note that the polar states in the K3 compactication are 12 -BPS states dual to
Dabholkar-Harvey states having orbital angular momentum. Thus our decomposition can
also be viewed as separating out objects with enhanced supersymmetry.17 In F-theory, on
the other hand, we only have 12 -BPS black holes, and the separation into black hole states
and CCB violating states takes on a more physical meaning independent of supersymmetry.
4.3 F-theory compactications
We now turn to our F-theory compactications of section 3, which preserve 8 supersymme-
tries. As in the K3 case, the presence of meromorphic Jacobi forms provides us a powerful
handle on the analysis. It allows to extract the growth of black hole degeneracies easily,
and also rene the topological string estimate for states with very large orbital angular
momentum presented in section 4.1.
The corresponding strings come from D3 branes wrapping a curve C inside the base
B of an elliptic Calabi-Yau and have N = (0; 4) worldvolume supersymmetry. In section 3
we presented the elliptic genus of these strings:
ZC(; ) =
NC(; )
()12c1(B)C
Qd
s=1 ' 2;1(; s)
; (4.15)
where to simplify the discussion here we are assuming that there is only one class C
with degree d. This is a meromorphic Jacobi form of weight 0 and index k = g   1,
with g = 12(C  C   c1(B)  C) + 1. In contrast to the K3 case, the function ZC has poles
of order 2d at  = 0, as well as lower order poles at torsion points  + , for some
;  2 Q. This makes the analysis slightly more complicated, but as we shall see, the main
conclusions are similar.
We begin by decomposing the function ZC(; ) into nite and polar parts as before:
ZC(; ) = Z
F
C(; ) + Z
P
C(; ) : (4.16)
The nite part ZFC(; ) is essentially a mixed mock Jacobi form,
18
ZFC(; ) =
X
n;`
cF(n; `) qn y` ; (4.17)
to which we can add an explicit correction term to get its modular completion cZC(; )
that transforms as a holomorphic Jacobi form, but suers a non-holomorphic anomaly.
The microstates of spinning black holes are contained in the function ZC , and its Fourier
coecients have the growth
cF(n; `)  exp 2p(k + 2c1(B)  C)(n  `2=4k) ; as n  `2=4k  0; (4.18)
We thus nd a simple entropy formula for the spinning black hole, that is controlled by a
combination of 6k from the level of the current algebra and the 12c1(B)  C free bosons.
17Such a separation was noted in [38, 44], in which the states were called Zextra.
18The higher order poles implies that these Jacobi forms are dened over the ring of quasi modular forms
instead of modular forms, see x 9.6 of [40] for details.
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Now we come to the polar part ZPC(; ), which is a sum over all the poles of the
function ZC (with multiple poles counted separately):
ZPC(; ) =
X
p2Poles(ZC)
Dp() Apk(; ) : (4.19)
The Appell-Lerch sums Apk are again simple functions that have the same poles and have
the same elliptic transformation properties as the meromorphic Jacobi forms (see [46, 47]
for a detailed analysis of the higher pole cases). As before, these functions have the two
important properties mentioned after (4.10) | they capture states with arbitrarily high
spin for any L0, and that their Fourier coecients have extremely small growth. All the
growth of the polar degeneracies thus comes from the Laurent coecients Dp(). Recall
that in the K3 case, the only Laurent coecient was at  = 0, and was a constant. Here
in the F-theory situation, the coecients are modular forms that have their own growth.
We now discuss the pole at  = 0 in some detail, and postpone a discussion of the
other poles to section 5.5. Near  = 0, the function ZC has the expansion:
ZC(; ) =
1
()12c1(B)C
1
(2i)2d
 
a0() + a2() (2i)
2 + a4() (2i)
4 +     (4.20)
The various Laurent coecients a2i are found by computing the Taylor expansion of the
functions NC(; ) and
Qd
s=1 ' 2;1(; s) at  = 0, and taking a ratio. We know that NC
is a weak Jacobi form of positive weight and even non-negative index implying that it
has an expansion of the form NC(; ) =
P
n0 (2i)
2n b2n(), where b2n() are quasi-
modular forms [48]. The denominator function
Qd
s=1 ' 2;1(; s) is known explicitly. In
particular, it has an expansion of the form (2i)2d
P
n0 (2i)
2n c2n(), where c2n are
quasi-modular forms of weight 2n (so that c0 is a constant). Putting these facts together
we deduce that the Laurent coecients a2n are quasi-modular forms, and consequently
19
do not have any exponential growth of states. Therefore the growth of any of the Laurent
coecients of ZC at  = 0 is governed by the central charge 12c1(B)  C.
It is important to note that the elliptic genera ZC(; ) do not count degeneracies
only of single particles, but also include degeneracies of multi-particle states. In order to
count only single-particle states, one has to consider the free energy FC(; ) given by the
logarithm of the sum of topological string partition functions:
log
X
C
ZC(; ) e
 ~t C

=
X
C
FC(; ) e
 ~t C : (4.21)
On inverting this, we nd an expression for the free energy FC as a linear combination
of products
Q
i ZCi , with C =
P
iCi. The free energy FC(; ) only has a second order
pole at  = 0, but it is no longer a Jacobi form as it is formed by adding Jacobi forms
of dierent indices. We can, however, still deduce the growth of degeneracies. For large
charges, the index of ZC grows quadratically in the charges C, and therefore the leading
19This can be seen explicitly by the fact that the ring of quasi-modular forms is generated by the func-
tions E2(), E4(), E6().
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growth of states of FC with large charges for a xed spin is the same as that of ZC . Thus
the black hole entropy formula (4.18) still holds.
For the polar states at  = 0, we note that the growth of the Laurent coecient of ZC
is linear in C, and therefore the products
Q
i ZCi in FC all have the same growth. We
thus obtain that, generically, the growth of polar states of FC is controlled by the central
charge 12c1(B)  C. In principle there could be cancellations which reduce the growth,
in which case this is only an upper bound. On the other hand, we saw from general
considerations from the topological string in section 4.1 that the central charge must be
linear in charges. The analysis in this section is consistent with this expectation.
We end this section by summarizing the main degeneracy formulas:
 Spinning black hole: The Fourier coecients of the nite part of the index ZFC (i.e.
the index of spinning BPS states with SU(2)L spin r and charges n;C) have the
asymptotic form (for k > 0):
cF(n; r)  exp

2
r
cindex
6
 
n  r2=4k ; as n  r2=4k !1 ; (4.22)
where
cindex = 6k + 12c1(B)  C (4.23)
and k = g  1 = 12(C C   c1(B) C). These coecients cF(n; r) are the degeneracies
of the large spinning black hole.
 States with J2 > M3: The index of the states with r2=4k > n for large n are to
leading order independent of the spin r and have the form:
cbound(n; r)  exp

2
p
2c1(B)  C n

; as n!1 : (4.24)
5 An illustrative example: black holes for M-theory on elliptic P 2
In this section we give an illustrative example of the main ideas discussed in previous
sections. We consider M-theory on elliptic threefold bered over P2 and consider the BPS
states consisting of M2 branes wrapped around 2-cycles. As is well known, the topological
string captures the BPS content of spinning black holes in 5d [18{20]. So the question of
microscopics accounting of the entropy amounts to whether one can compute topological
string amplitudes. Unfortunately a full expression is not available yet, but a conjectural
structure of the result for this case was suggested recently [12] for the M2 branes wrapped
around an arbitrary class but computed only for low degree (up to degree 5) in the base of
P2. These results were in turn motivated from the associated string description in 6d [5, 7]
which arises from the duality with F-theory and is in agreement with the general structure
we have found in the previous section.
Elliptic 3-fold over P2 has two Kahler classes: the elliptic ber, and the base, whose
basic integral generators we denote by E and H. We will denote the class of the M2
brane as
[M2] = n[E] + d[H]
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Figure 4. The toric skeleton of a degree d = 3 hypersurface in P2. The number of lines ending on
each edge indicates the degree of the curve in such a description. One can see that d  3 curves
necessarily form a genus g  1 Riemann surface (in this case g = 1 as one can see from the single
hole in the middle of the graph).
From the viewpoint of the dual F-theory, this state arises by considering the base P2 and
compactifying on S1 and wrapping a D3 brane wrapped around S1  C where [C] = d[H]
and we consider momentum n along the circle. The generic C in that class has a genus
g(C) =
1
2
(d2   3d) + 1
In particular for d = 1; 2 we have g = 0 and for d  3 we get g  1. These curves can be
visualized using the toric realization of P2, see gure 4. As discussed in the previous section
the general structure expected for the partition function in the sector with [C] = d[H] leads
to the elliptic genus
Zd =
Nd(; )
()36d
Qd
s=1 ' 2;1(; s)
where Nd(; ) is a weak Jacobi form of index g(C)   1 + d(d + 1)(2d + 1)=6 and weight
16d. Motivated from M-strings, this structure was in fact conjectured for this case in [12].
Moreover for d < 6 the actual Nd was determined.
We can now esh out the analysis of section 4.3 in these explicit examples. The
functions Zd(; z) have index kmero =
1
2 d(d   3), and 12c1(B)  C = 36d in this case, so
that the Laurent coecient at z = 0 is 1=()36d. Our analysis in section 4.3 says that for
large positive values of 4kn   r2, the degeneracies of Fourier coecients of Zd, which we
interpret as the degeneracies of a single-centered black hole grows with a central charge
cindex = 6kmero + 36d = 3d
2 + 27d ; d  4 : (5.1)
The special cases d = 1; 2 with kmero < 0 and d = 3 with kmero = 0 can be treated using
the theorems of [49], who extend the the analysis of [40] to the negative values of the index.
In these cases, the nite part in the decomposition (4.13) identically vanishes. This means
that the degeneracies of Zd, d = 1; 2; 3, are simply the Fourier coecients of the polar
parts, which are controlled by the Laurent coecients at the poles which have a central
charge of 36d.
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In addition, we nd new bound states from the polar part which have a growth con-
trolled by:
cbound = 36d ; d  1 : (5.2)
In the following we present a detailed analysis of the cases d = 1; : : : ; 4. We then make
some comments based on the numerical study of the cases d  5.
5.1 d=1
For this case the curve C is a genus 0 curve. The complex moduli of the base is d = 2,
and the moduli space is itself a P2. The corresponding bC which is the total space of the
elliptic bration over the P1, has cohomology elements:
2 0 1
0 30 0
1 0 2
which leads to the statement that the target space involves a P2 which is common to
the left and right movers, and in addition we have a Narain torus of (28; 4) dimensions
bered over it. In addition we have 4 center of mass bosons common to left- and right-
movers. Moreover, there are the same number of right-moving fermions as right-moving
bosons, leading to (0; 4) supersymmetry. So altogether we have 36 left-moving bosons
36 = 4P2 + 28T 28L
+ 4CM and 12-right moving bosons 12 = 4P2 + 4T 4R
+ 4CM and 12 right-
moving fermions. The right-movers can be viewed as moving in a target which is a T 4
bration over P2 times R4. SU(2)L index for this theory is  1 which comes entirely from
the center of mass. The elliptic genus can now be read o from the BPS computations of
topological strings in [12] to be
Z1 =  E4(31E
3
4 + 113E
2
6)
48()36' 2;1(; )
It would be interesting to see if one can come up with the direct denition of this (0; 4)
sigma model and compute the above Z1 directly. This gives the cL = 36 with the expected
growth d1;n  exp(2
p
n  36=6).
5.2 d=2
This case is more interesting. The generic branch involves a degree 2 curve in P1 which is
again a P1  P2. The moduli space for a degree 2 curve in P2 is 5 dimensional and is in
fact a P5. The cohomology of bC is given by
5 0 1
0 60 0
1 0 5
which leads to the statement that the target space involves a P5 which is common to
the left and right movers, and in addition we have a Narain torus of (58; 10) dimensions
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bered over it. In addition we have 4 center of mass bosons common to left- and right-
movers. Furthermore, there are the same number of right-moving fermions as right-moving
bosons, leading to (0; 4) supersymmetry. So altogether we have 72 left-moving bosons
72 = 10P5 + 58T 58L
+ 4CM and 24-right moving bosons 24 = 10P5 + 10T 10R
+ 4CM and 24
right-moving fermions. The right-movers can be viewed as moving in a target which is a
T 10 bration over P5 times R4. SU(2)L index for this theory is again  1 which comes
entirely from the center of mass. However, this is not the end of the story for this case:
in a P2  P5 there is a singularity in this sigma model because the D3 branes coalesce,
leading to a U(2) gauge theory on the D3 branes, leading to a Higgs branch for this theory.
The central charge for this branch diers from that of the Higgs branch as in the cases
studied in [13] leading to the fact that Higgs and Coulomb branches become disconnected
in the IR. The partition function for the topological string for the d = 2 case has been
worked out in [12] leading to
Z2 =
N2
()72' 2;1(; )' 2;1(; 2)
;
where N2 is given by
N2 =
'40;1E
2
4(31E
3
4 + 113E
2
6)
2
23887872
+
1
1146617856
 
2507892'30;1' 2;1E
7
4E6 + 9070872'
3
0;1' 2;1E
4
4E
3
6
+2355828'30;1' 2;1E4E
5
6 + 36469'
2
0;1'
2
 2;1E
9
4 + 764613'
2
0;1'
2
 2;1E
6
4E
2
6
 823017'20;1'2 2;1E34E46 + 21935'20;1'2 2;1E66   9004644'0;1'3 2;1E84E6
 30250296'0;1'3 2;1E54E36   6530148'0;1'3 2;1E24E56 + 31'4 2;1E104
5986623'4 2;1E
7
4E
2
6 + 19960101'
4
 2;1E
4
4E
4
6 + 4908413'
4
 2;1E4E
2
6

: (5.3)
The growth of the BPS degeneracies is d2;n  exp(2
p
n  72=6). This expression includes
the contribution of all branches. The most degenerate branch is a 2-string branch and is
obtained from the single string branch as is depicted in gure 5. The existence of these
extra BPS sates in 5d, viewed from the M-theory perspective, is described in [12] as coming
from congurations of curves which project to a degree 1 P1  P2 but that are in turn
connected with n tori. See gure 6. This in particular means that if we eliminated the tori,
these BPS states would be disconnected and decay to two BPS states. From the viewpoint
of one higher dimension, i.e. F-theory, the elliptic class translates to the KK mode. So
this statement translates to having two strings each of which is wrapped on a circle and
are only bound because of the KK mode. In other words the two strings together do not
lead to a bound state in 6d, but upon compactication they lead to bound states, which is
reected in the above BPS count.
There is another branch (see gure 7) where the degree 2 curve projects to two degree 1
curves which are again bound by the elliptic curve. This other branch leads to a singularity
in the sigma model whose locus is (P2 P2)=Z2  P5.
Thus all told we have 3 branches, all with the same central charge cL = 72.
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

Figure 5. The toric skeleton of a degree d = 2 hypersurface in P2 undergoing a phase transition.
The left-most gure shows the generic case of a degree 2 curve. The central gure is a degeneration
to 2 degree 1 curves, each wrapped by a D3 brane giving rise to strings which are depicted as points
in R4. The last picture shows the Higgs branch where the two strings are separated in R4.


 
Figure 6. The 5d bound state structure as seen from the perspective of M-theory. Two P1's are
bound through n T 2's.
Note that the fact that the elliptic genus of the other branches do not vanish, means
that unlike the familiar case of symmetric product of T 4 or K3 where turning on some
B-elds can resolve the Higgs branch singularity and make the Coulomb branch disappear
altogether, the various Higgs branches here cannot disappear by any deformation (the
elliptic genus protects that). Relatedly, this means that the Higgs branch viewed as a sigma
model, has an unremovable singularity over the locus P2  P5 and (P2 P2)=Z2  P5.
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Figure 7. This branch corresponds to the degree 2 curve splitting to two degree 1 curves separated
in P2 and R4.
5.3 d=3
The generic branch here involves a degree 3 curve in P2 which is a genus 1 Riemann surface
as shown in gure 4. The cohomology of bC in this case is given by
9 1 1
1 92 1
1 1 9
We have here for the rst time a situation where h1;0( bC) is non-zero which leads for
the single string branch to left-moving fermions realizing SU(2)L current algebra at level
kL = g = 1. The common left/right-moving bosonic target space is P
9 together with
a Narain torus (90; 18) bered over it. Again we will encounter dierent phases. The
maximal central charge, corresponds to the c = 3d2 + 27d = 108. Here we expect to have
two additional branches: in one branch we expect two degree one curves to be on top of
each other and one where all three degree one curves wrap the same P 1. The eective
central charges for these two branches are expected to be c = 108 in both cases. So all
these branches in this case are expected to give the same growth. The situation changes
for the case of d > 3.
5.4 d=4
The generic branch here involves a degree 4 curve in P2 which is a genus 3 Riemann surface.
The cohomology of bC in this case is given by
14 3 1
3 126 3
1 3 14
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We have here for the rst time a situation where h1;0( bC) is non-zero which leads for
the single string branch to left-moving fermions realizing SU(2)L current algebra at level
kL = g = 1. The common left/right-moving bosonic target space is 16 complex dimen-
sional together with a Narain torus (124; 28) bered over it. Again we will encounter
dierent phases, corresponding to decompositions
P
i di = 4. The maximal central charge,
corresponds to the c = 3d2 + 27d = 156. Here we expect to have additional branches
corresponding to 4 = 3+1 = 2+2 = 2+1+1 = 1+1+1 +1. The eective central charges
for these four branches are expected to be c(3) + c(1) = c(2) + c(2) = c(2) + c(1) + c(1) =
c(1) + c(1) + c(1) + c(1) = 144 < 156. These additional branches give a lower growth than
the single curve case. In this case the eective central charge for these additional branches
happened to be equal. This will not be the case for d > 4's and they will begin to give a
diverse range of eective c's which are all smaller than the c(d).
5.5 Interpretations of the various poles
In section 4.3 we discussed the polar states of the function ZC arising from the pole at  = 0.
As mentioned there, ZC in fact has poles at the torsion points  = +, with ;  =
p
q+Z,
with q  k, 0  p < q. We now make a few comments on the interpretation of these poles,
and in particular, we identify three physical sources of poles. We then illustrate these
identications using the explicit functions Zd of this section.
Firstly, the poles could be caused by multi-string unbound contributions. In fact we
already subtracted these contributions when we considered the free energy FC in section 4.3.
With this step, the higher order poles at  = 0 are removed as FC has only second order
poles there, but FC still inherits the poles of ZC at the non-zero torsion points.
Secondly, it is known that the topological string free energy F also contains multi-
covering contributions, which can also cause some of the poles. In order to subtract con-
tributions coming from multi-covering, a natural object to consider is the BPS generating
function eF which is the k = 1 term of (4.1). Using a basis fCig ; i = 1; : : : ; N = h2(B) for
the second homology of the base B and the identity C =
PN
i=1Q
iCi we write
FC(; ) = FQ1; ;QN (; ): (5.4)
Now we take the plethystic logarithm and arrive at the BPS generating function [10, 18, 19]:
eFk1; ;kN = X
djs
(d)
d
F k1
d
; ; kN
d
(d; d); s = gcd(k1;    ; kN ) ; (5.5)
where (d) is the Mobius function (= ( 1)n if d is a product of n distinct primes, and
0 otherwise). As we explain below, the poles at  = pq are accounted for by the multi-
covering. This is consistent with the relation between topological string partition func-
tion and BPS degeneracies: as discussed before the free energy F has a sum over terms
with (sin(k))2g 2 for all k, while the formula for eF has only the term with k = 1. This
multi-covering formula will give poles at all  = m=k.
Thirdly, the free energy contains multi-wound strings which can be seen by orbifold
methods [33], as we sketched in section 4.2. These are captured by using the Hecke-like
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operator Vd dened on Jacobi forms [48]:
'(; )jVd =
X
AD=d
BmodD
'

A +B
D
;A

: (5.6)
Indeed, the multi-wrapped contribution F k1
d
; ; kN
d
(d; d) for d > 1 is one of the terms (A =
d;B = 0; D = 1) in the above formula for F k1
d
; ; kN
d
(; )jVd. In the K3 case discussed in
section 4.2, the partition function (4.4) can be written as the exponential of a sum of Hecke-
like operators Vd applied to the single string index | meaning that the multi-wound strings
are the only single-particle contributions to the index. In the F-theory compactications,
that is no longer true, and we have new contributions which do not come from multi-wound
strings. We identify the poles at  = pq  +
p0
q0 as originating from the multi-wound strings.
We now illustrate this using the function d = 2 as an example. The function Z2 has
poles at  = 0; 12 ;

2 ;
+1
2 and their translates by the lattice Z + Z. At  = 0 it has a
fourth order and second order pole, and only second order poles at the other three points.
The function 12Z
2
1 also has a fourth order pole at  = 0, and the Laurent coecients of
the fourth-order pole of the two functions are exactly equal [12]. As a consequence, F2 =
Z2   12Z21 has only a second order pole at  = 0. We note that this does not mean that
the Laurent coecients of F2 at the Z + Z translates of 0 also vanish | it would have
if F2 were a true Jacobi form, but the translations (4.9) of Z2 under Z + Z is governed
by k =  1, while those of 12Z21 is governed by k =  2. Nevertheless, this identication
gives us a clue about the physical origin of the poles.
Continuing in this fashion, we nd that the coecient of the second order pole of F2
at  = 12 exactly equals that of the function Z1(2; 2) (thus implying that
eF2 does not
have a pole at  = 12). More precisely, the functions D() and D
0() dened by the
singular behavior Z2(; ) = D()(  12) 2 +O(  12), and Z1(2; 2) = D0()(  12) 2 +
O(   12) are equal. The functions D;D0 are modular forms as can be seen from the
Jacobi transformation law. Now, at the poles  = =2, in order to get modular forms,
one needs to multiply a prefactor. If we now dene the functions E() and E0() by
the singular behavior q 1=4Z2(; ) = E()(   2 ) 2 + O(   2 ), and q 1=2Z1(; )jV2 =
E0()(  2 ) 2 +O(  2 ), we nd again that they are equal!
We nd numerically that this pattern repeats for all the functions as far as we have
checked. The only place where this does not happen is the second order pole at  = 0 |for
example, the Laurent coecient of eF2 is not equal (even up to prefactors) to the second
Laurent coecients of any of the other functions in the game at  = 0. This indicates that
the states with growth 36d second order pole at  = 0 are new objects not coming from
unbound or multi-covering or multi-wrapped strings but are truly new bound states. This
is similar to what was found in [5] for M-strings.
6 Macroscopics
In this section, we turn to the macroscopic aspects and interpretation of the results found
in the previous sections. We have seen dierent growth formula for the nite and polar
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part of the elliptic genus, and wish to interpret them from the macroscopic point of view.
Before going into more detail in the subsections below, let us summarize the main picture
that is emerging.
The nite part in the elliptic genus, in the asymptotic regime where n   r2=4k ! 1
(see (4.22)), is related to the large and single centered spinning black hole, which satises
the cosmic censorship bound M3 > J2, and whose entropy agrees with the Cardy formula.
For the case of a single D3 brane wrapping a genus g curve in B = P2, the entropy is
controlled by the central charge
cindexL = 36d ; (d = 1; 2; 3) ; c
index
L = 6(g   1) + 36d = 3d2 + 27d ; (d  4) ; (6.1)
and we remind that the genus and degree of the curve are related by g   1 = 12d(d   3).
Compared to the K3 case, we have cindexL = 6g   6, and the spinning black hole is the
BMPV black hole [1, 4, 50] which is 1/4 BPS instead of 1/2 BPS in F-theory.
As we will show in the next two subsections, the leading (quadratic in d) term in the
central charge (6.1) are reproduced in two-derivative gravity, whereas the subleading linear
terms follow from higher derivative corrections. Of course, there are further subleading
corrections to the nite part but we have no clear macroscopic interpretation in this regime.
Such congurations will have subleading entropy in any case.
When the angular momentum approaches J2 !M3, the black hole becomes of stringy
scale size with vanishing horizon and entropy. Upon further increasing the angular momen-
tum to values J2 > M3, the black hole can no longer carry the angular momentum because
it would violate the cosmic censorship bound. Nevertheless, the microscopic analysis still
predicts a rich phase with an entropy that is determined by the polar part of the elliptic
genus. This entropy scales linearly in the charges, with central charge
cL = 36d : (6.2)
As already discussed, the large angular momentum is generated from the zero modes in the
center of mass system, and the degeneracy of these states with J2 > M3 grows exponen-
tially. On the gravity side, the most natural thing to expect is that this phase corresponds
to gravitational congurations that consist of small black holes with a stringy scale hori-
zon. We predict the (index) entropy of these small black holes is then to leading order
independent of the spin and given for large d; n by
S = 2
p
6dn : (6.3)
For the K3 case, as we have seen, the M3 > J2 violating states are generated in the zero
KK momentum sector. Still, they have an exponential growth e4
p
g where g = Q1Q5 for
the D1-D5 system.
We now give a few more details about the gravitational aspects. In the next two
subsections, we focus on the quadratic and linear terms (in d) in the central charge, and
show how to get them from the entropy of single centered black holes, including the eect
of higher derivative terms. We then discuss macroscopic aspects of states with J2 > M3.
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6.1 Spinning black holes
Macroscopically, strings coming from wrapped D3-branes correspond to black strings in six
dimensions, and after wrapping over a circle S1 with n units of momentum, they correspond
to electrically charged and spinning ve-dimensional BPS black holes. A single-centered
black hole in ve dimensions can have two angular momenta, coming from rotations J1
and J2 in two orthogonal planes in R4. The U(1)L  U(1)R  SU(2)L  SU(2)R = SO(4)
rotation generators relate to these by J1 = JL + JR and J2 = JL   JR. Furthermore, the
BPS condition requires the angular momenta of the black hole to be equal in magnitude,20
see e.g. [54], J  J1 = J2 (which is the one preserving half of the supersymmetry of the
(1; 0) bulk) such that JL = 2J and JR = 0. So we are led to compare the macroscopic
entropy with what comes from the Cardy formula in the left moving sector of the CFT
S = 2
s
cL
6

n  J
2
L
4kL

= 2
s
cL
6

n  J
2
kL

: (6.4)
Here we are using a convention where JL has an integer spectrum and J is half-integral. To
give a concrete example, consider the case of B = P2, which leads to minimal supergravity
in six dimensions consisting of the metric and a tensor whose eld strength is selfdual.
Upon compactifying to ve dimensions, we get gravity coupled to a vector multiplet, and
the KK charge becomes an electric charge. Then the entropy for the single string branch
to leading order in the large charge limit is given by
S = 2
r
d2n
2
  J2 : (6.5)
There is a bound on the angular momentum given by
J2 <
nd2
2
: (6.6)
Consider as a second example, the case B = P1  P1. The low-energy eective action in
six dimensions is supergravity coupled to one tensor multiplet. The intersection matrix for
B = P1  P1 corresponds to C  C = QQ = 2Q1Q2, and the total central charge is
cL = 6Q1Q2 + 18(Q1 +Q2) + 6 ; (6.7)
where we used that c1(B) C = 2(Q1 +Q2). The level is given by kL = Q1Q2  (Q1 +Q2).
Hence the black hole entropy to leading order in the charges is
S = 2
p
Q1Q2n  J2 : (6.8)
The entropy formulae described above are similar to the ones obtained from the macroscopic
BMPV black holes that have been studied in [1, 4, 50]. To leading order in the charges,
20This is only true for spherical S3 horizons, and not true e.g. for a single black ring, which has J1 6=
J2 [51], or for the more recent black lens solutions of [52]. Concentrentic black rings, on the other hand,
can have J1 = J2 [53].
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the entropy scales like S / N3=2 as we rescale all charges uniformly with a factor N . In
an appropriate normalization for the mass of the black hole, the entropy can be written
as S = 2
p
M3   J2, and hence the presence of a horizon requires M3 > J2. Beyond the
cosmic censorship bound, our microscopic analysis suggest that there is still entropy that
scales like S / N . This is somewhat similar to the analysis done in [14]. We note, however,
that the linear scaling that we nd beyond the cosmic censorship bound exists for arbitrary
large J . We explain their macroscopic interpretation in section 6.4.
So far, we have only reproduced the entropy to leading, quadratic order in the charges,
which is similar to the macroscopic spinning BMPV black hole. In the next subsection,
we derive the leading and subleading (linear in the charges) contributions to the central
charges and levels from a supergravity analysis on AdS3  S3 backgrounds, the near-
horizon geometry of a black string in six dimensions. We include eects coming from higher
derivative terms in six dimensions and match the gravity prediction with the microscopic
prediction for the single-centered spinning black hole including these subleading corrections.
The center of mass contributions to the central charges and levels cannot be derived from
this analysis, as they are not captured by near-horizon degrees of freedom living on the
bulk of AdS3. Instead, using the terminology of [38], they should correspond to exterior
degrees of freedom that live outside the near-horizon geometry.
6.2 AdS3  S3 and central charges
A generic F-theory compactication on an elliptic CY 3-fold X produces (1,0) six-
dimensional supergravity with gauge groups and matter [55{57]. For simplicity let us
assume the gauge group is abelian and denote by nT ; nV ; nH the number of tensors, vec-
tors and hypermultiplets respectively. In six dimensions we have
nT = h
1;1(B)  1 ; nV = h1;1(X)  h1;1(B)  1 ; nH = h2;1(X) + 1 : (6.9)
Besides the gravity multiplet, only the tensor multiplets will be relevant for our discussion.
We collectively denote all tensors (one from the gravity multiplet that is selfdual, and nT
are anti-selfdual) by B and their eld strengths H = dB; = 1;    ; nT + 1. They
descend from the RR four-form eld strength in type IIB expanded in a basis of (1,1)-
forms on the base B. We can write down an action in six dimensions if we relax the duality
constraints on the tensors, and impose them by hand in the equations of motion. Most
relevant for our discussion is not only the two-derivative action, but also a gravitational
\Chern-Simons term" in six dimensions needed for gravitational anomaly cancellation. The
relevant terms, following [58, 59], read
S =
Z
M6

1
2
R  1  1
4
gG
 ^ G   1
2
gdj
 ^ dj   1
4
K
B ^ trR^R+   

:
Here, g is the metric on the tensor branch parametrized by the scalars j
, and  is
the intersection matrix on the base B which is SO(1; nT ) invariant. The scalars satisfy
j
j = 1 and the metric is g = 2jj    , where indices are lowered by  . The
selfduality constraints on the gauge invariant tensors are g G = G . These three-
form tensors are G = H+ 12K
!CSgrav +   ; where !CSgrav is the gravitational Chern-Simons
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three-form build out of the spin connection one-form, and the dots refer to terms involving
the Chern-Simons forms of the gauge elds such that the G are invariant under both
local Lorentz and gauge transformations. These terms are not important for our purpose,
since we do not switch on any charges in the vector multiplet sector. The gravitational
Chern-Simons term contains the curvature two-form R, which satises d!CSgrav = trR^R.
Finally, the coecients K = K
 appearing in the Chern-Simons term were found
to be [58, 60]
K =  
Z
C
c1(B)jC =
1
12
Z
X
! ^ c2(X) ;
with second Chern class c2(X) and ! the dual of the pull back 
(C) for a basis C in
H1;1(B). This relation can be determined from the matching with the M-theory Chern-
Simons terms using M-theory/F-theory duality. There are other Chern-Simons like terms
in six dimensions of the form B ^ F ^ F mixing the tensors with the gauge sector, but we
did not write them explicitly since we also suppressed the F ^ F terms in the action.
We now formulate the theory on AdS3  S3, the near horizon geometry of a black
string, and determine the levels and central charges of the dual CFT following the ideas
of [38, 61{63] which we adapt here to our F-theory setup. Since we are focusing on the
near horizon geometry, we will only reproduce the microscopic formulas for the central
charges and levels coming from the single string conformal eld theory, and exclude the
contributions from the center of mass. The latter would be captured by exterior degrees of
freedom outside the horizon, as in [38]. We rst focus on the two-derivative theory. The
AdS3  S3 geometry is supported by the uxes
42Q 
Z
S3
H :
The charges associated with the dual eld strength are related to Q by the selfduality
constraint. After reducing on S3, one produces SO(4) = SU(2)L  SU(2)R gauge elds
with three-dimensional Chern-Simons terms in AdS3. These are not gauge invariant, but
transform into total derivatives with anomaly coecients that determine the levels of the
dual CFT [38, 63]. It was found that the levels scale quadratically in the charges which,
translated to our conventions, are
kL = kR =
1
2
Q2 ; Q2  QQ :
For example, when the base is B = P1P1, one has nT = 1 and nV = 0, hence two charges
with intersection matrix corresponding to QQ
 = 2Q1Q2, and so kL = kR = Q1Q2
which agrees with [38] for integer charges. Hence we checked the overall normalization
coecient in the formula for the levels. The result conrms the leading order result for the
microscopic formulas for the levels by identifying C C = Q2 : At two-derivative level, the
left and right central charges are still equal and since there is supersymmetry in the right
moving sector we have
cL = cR = 6kR = 3Q
2 = 3C  C ;
as expected from the microscopics to leading order.
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Now we switch on the higher derivative Chern-Simons term proportional to B ^ trR^
R. Because of the gravitational anomaly, all charges and levels will get corrections and,
following appendix A of [38], the following relations hold:
cL   cR = 12kR =  12kL = 12Q = 6c1(B)  C;
where  =  12K = 12c1(B) appears as the coecient multiplying the gravitational
Chern-Simons term in [38]. These relations are indeed satised by our microscopic index-
analysis. Hence we get (using the fact that by (0; 4) supersymmetry cR = 6kR) to rst
subleading order in C
cL = 3C  C + 9c1(B)  C ;
kL =
1
2
C  C   1
2
c1(B)  C ;
cR = 6kR = 3C  C + 3c1(B)  C :
Altogether, the supergravity analysis shows that type IIB on
(AdS3  S3)Q B ; (6.10)
or more precisely F-theory on (AdS3S3)QX, with Q units of ux through S3 from the
three-forms H, is dual to a (0; 4) conformal eld theory with SU(2)LSU(2)R symmetries
with levels and central charges given above. Here the coupling constant of type IIB varies
over B and undergoes SL(2;Z) monodromy. That such conformal eld theories had to exist
was already anticipated in [2, 64]. However, here we are predicting that these conformal
theories must have, in addition to the center of mass, additional continuum spectrum,
which signals the existence of other CFT branches which are disconnected, similar to the
ideas studied in [15] in the context of B = K3; T 4.
6.3 Exterior center of mass modes
After having reproduced the quadratic and linear terms in the central charge from the
macroscopic viewpoint, we now focus on the constant terms (independent of the charges)
in the total central charge. Microscopically, for single centers, they are related to the
center of mass modes in the CFT. Macroscopically, these modes are generated by acting
with the broken supercharges on the black hole solution, and form some type of hair that
lives exterior to the horizon. Because of these modes, there is a dierence between the
absolute degeneracy and the index-degeneracy [38, 44, 45]. Microscopically, we have seen
that in F-theory, this dierence is a factor of +6, whereas it is a factor of +12 for K3
compactications in type IIB.
We now give an argument how to understand this, following section 4 of [38]. Macro-
scopically, the BPS string is a solitonic BPS black string in six dimensions and we can
quantize it semiclassically. We introduce a macroscopic index Tr[( )JRJ2R e2ip+2iJL],
where JL and JR are as before the Cartan generators of the rotation group in the perpen-
dicular dimensions R4? with integer eigenvalues. The index only receives contributions from
the left-moving modes on the worldsheet of the (0; 4) black string. For left-moving elds
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with nonzero JR charge, this leads to an index-degeneracy c
e
L that can be dierent from
the central charge cL. For SU(2)R doublets, c
e
L can be computed by realizing that bosons
contribute to the index like the inverse of the contribution to the partition function from
a fermion, and vice-versa [38]. For a left-moving (2L; 2R) bosonic center of mass system,
one has cL = 4 and c
e
L =  2, so the dierence is +6. For left-moving (1L; 2R) fermionic
center of mass degrees of freedom , one has cL = 1 and c
e
L =  2, so the dierence is +3.
In F-theory, there are no such left-moving fermions, so the dierence remains +6, but for
K3, we have a pair of them, giving an additional factor of +6 in the dierence between
absolute and index-degeneracy.
6.4 Comments on states with J2 > M3
In this section we comment on the macroscopic interpretation of states which violate the
bound M3 > J2. Consider a spinning black hole. It clearly has macroscopic angular
momentum as it is spinning. In fact this leads to the simplest explanation of CCB, i.e. the
horizon of a macroscopic black hole cannot move faster than speed of light. How could this
be violated? The answer is due to orbital angular momentum. As already stated previously
the bound M3 > J2 is allowed to be violated if particles are allowed to have arbitrarily high
orbital angular momentum. This is what is happening in at space as wave-functions are
non-normalizable and therefore give rise to arbitrarily high angular momenta. However,
this raises a puzzle: If there are always states in the ensemble which can have arbitrarily
large orbital angular momentum, then the entropy as a function of angular momentum
measured at innity will be always constant. This is because the entropy will pick the
largest possible value for given angular momentum which is precisely the large black hole
without internal spin. This phenomenon is depicted in gure 8. The resolution of the
puzzle comes from the fact that we are putting our ensemble in a Taub-NUT background.
That is, we take our six-dimensional spacetime to be
TN  R S1; (6.11)
where TN denotes the Taub-NUT space which can be considered as an S1 bration over
R3, where the circle shrinks to zero at the origin and attains a nite radius R at innity.
The metric can be written with  2 S1, and ~x 2 R3, as
ds2TN = R
2

1
V
(d+ ~A  d~x)2 + V d~x2

; (6.12)
with
V = 1 +
1
j~xj ;
~r ~A = ~rV: (6.13)
For an earlier analysis, but unrelated to the work in the present paper, of 5d spinning black
holes in the presence of Taub-NUT geometry see [66].
As described in section 1 the Taub-NUT geometry leads to an eective decrease of
entropy for large values of angular momentum as measured from innity. In the Taub-NUT
background the orbital angular momentum becomes momentum along the Taub-NUT circle
and leads to a regularization of the corresponding wave functions. Microscopically, this
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  
 
(a) Entropy of a black hole with Jtot = Jspin
 

  

(b) Entropy of a black hole with Jtot = Jorb
Figure 8. Entropy of a black hole with Jtot = Jspin + Jorb. In part (a) we see the entropy of
the large spinning black hole as a function of internal angular momentum. In part (b) we see
the expected entropy of the black hole in at space as a function of total angular momentum as
measured from innity.
	

	
	

(a) Taub-NUT geometry


  


 
(b) Entropy which contributes to the index
Figure 9. In part (a) we see the Taub-NUT geometry with total angular momentum identied
with momentum along the Taub-NUT circle. In part (b) we see the entropy of the black hole in
R TN as given by the index.
leads to a cancellation of states in the index as illustrated for an example in equation (4.2).
Macroscopically, this cancellation in the index leads to the entropy prole shown in gure 9.
In other words, the particle states that contribute to the macroscopic black holes are the
ones contributing to the index NQg for g > 0 discussed in section 4. On the other hand
the g = 0 BPS states, counted by NQ0 are the ones which lead to states with J
2 > M3 but
their growth is not big enough to count as macroscopic black holes. This gives a physical
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explanation to the puzzle raised in [2] as to why the genus 0 curves have considerably lower
entropy than the macroscopic black hole states.
In fact we can prove this is the case for the simplest example of these states, namely
the ones that arise from Type IIB on K3 S1. For this case, the states with J2 > M3 we
have been considering are dual to Dabholkar-Harvey states for heterotic strings on T 5 [16].
To see this recall that type IIB on K3 S1 is dual to type IIA on K3 S1 and is dual to
heterotic strings on T 5 and the CCB violating D3 branes which are wrapped around genus
g curves times S1 with no KK momentum, are dual to D2 branes wrapped around genus
g curves in K3 and these are dual to Dabholkar-Harvey states [31] which are perturbative
string states of heterotic strings on T 5. In particular for a class of F-theory models which
are dual to heterotic strings (for example when the base is P1  P1 and the heterotic dual
is K3 S1), a subset of the CCB violating states (in the P1  P1 example, the D3 branes
wrapped around only one of the P1's) can again be mapped to perturbative DH states of
the heterotic string.
7 Concluding thoughts
In this paper we have elucidated the properties of 6d strings which arise from F-theory on
elliptic CY 3-folds and have seen how they lead to BPS spinning black holes in 5d. They
arise from D3 branes wrapping the curves in the base of the elliptic CY and in addition
wrap a circle when we go down in dimension from 6 to 5. The usual spinning BPS black hole
in 5d arise from curves which are not degenerate. However we also found that degenerate
curves lead to multi-string congurations which, even though they do not form bound
states in 6d, KK momenta binds them when they wrap a circle. Even though the entropy
they lead to is generically lower than that of a single black hole they are expected to lead to
interesting new bound states. Moreover we found that a subclass of BPS states (those that
degenerate to genus 0 curve congurations in the M-theory setup) lead to J2 > M3 states
which thus violate CCB. Moreover we argued that their macroscopic realization should
involve having zero size classical horizon which can thus violate the CCB.
By duality between F-theory and M-theory, this also implies that coincident cong-
urations of M5 branes, which have extra light modes, give signicant modication to the
entropy in certain phases of the 4d black holes. For example the 5d BPS states can also be
viewed as 4d black holes which have lower growth than the macroscopic 4d black hole. It is
natural to expect that in the context of [3] where M5 branes wrap an ample divisor in a CY
3-fold, the coincident congurations lead to new branches which can dominate the single
string conguration in certain phases just as the CCB violating states do in the 5d case
in the phase with large angular momentum. This could be relevant for the multi-centered
black hole congurations in 4 dimensions [17].
Clearly our work indicates an intricate phase structure for black holes in 5 dimensions
based on microscopic counts and we expect this to carry over to 4 dimensions as well. It
would be interesting to also study this intricate phase structure from the macroscopic side
for 4 and 5 dimensional black holes.
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A Aspects of modular forms and Jacobi forms
We begin this appendix with a very brief discussion of the asymptotic growth of Fourier
coecients of modular forms f() in one variable  2 H. We then turn to Jacobi forms
that are functions of another elliptic variable  2 C in addition to  . The classical theory of
Jacobi forms [48] considers functions that are holomorphic in . We briey describe some
properties of such holomorphic Jacobi form and, in particular, their relation to modular
forms of one variable. This relation leads to a formula for the growth of their Fourier
coecients.
In the main text of this paper we encounter Jacobi forms that are meromorphic in
the elliptic variable . In this appendix we describe a few relevant results in the theory
of meromorphic Jacobi forms following [40]. We then describe the growth of their Fourier
coecients that follow from these results, which we use in the main text.
Throughout this appendix, we set q = e2i , y = e2i.
A.1 Modular forms
Modular forms f() are holomorphic functions of one variable  2 H and often appear as
the holomorphic partition function f() = TrH qL0 of a two-dimensional CFT with Hilbert
space H on a torus with modular parameter  . The degeneracies of states a(n) with L0 = n
are summarized in the Fourier expansion:
f() =
1X
n= n0
a(n) qn ; a(n0) 6= 0 ; (A.1)
Here the number  n0 is the lowest energy level of the CFT, and we have n0 > 0. The
asymptotic growth as n!1 of the Fourier coecients
a(n) =
Z
C
e 2inf() d (A.2)
can be derived using the familiar modular transformation law
f(
a + b
c + d
) = (c + d)w f() 8
 
a b
c d
!
2 SL(2;Z) : (A.3)
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For the leading estimate, we use the saddle point method and deform the contour C
in (A.2). As n!1, the integral is dominated by small values of  , or q ! 1. The modular
transformation  !  1= relates this to  ! i1, or q ! 0, for which f() is dominated
by its most polar term q n0 . We thus obtain the leading behavior:
a(n)  exp(4pn0 n) n!1 : (A.4)
For a generic CFT with central charge c, the vacuum energy is  n0 =  c=24, and the
estimate (A.4) is simply the familiar Cardy formula a(n)  exp(2pc L0=6).
From the mathematical perspective, the exponential growth (A.4) of the Fourier coef-
cients is controlled by the exponential growth q n0 of the function f() as  = i1. This
is reected in the nomenclature21 weakly holomorphic modular forms for modular forms
obeying n0 > 0.
A.2 Jacobi forms
The classical theory of Jacobi forms [48] treats holomorphic functions '(; ) from H 
C to C and appear, for example, as the elliptic genus of N = (2; 2) SCFTs '(; ) =
TrH ( 1)F qL0 yJ0 where L0 and J0 are the left-moving Hamiltonian and U(1)R charge of
the SCFT. The degeneracies c(n; r) of eigenstates with L0 = n; J0 = r are summarized in
the Fourier expansion:
'(; ) =
X
n;r
c(n; r) qn yr : (A.5)
For usual SCFTs with compact target space like the N = 2 minimal models, the elliptic
genus is indeed holomorphic in .
Jacobi forms transform under the modular group as
'
a + b
c + d
;

c + d

= (c + d)w e
2ikc2
c+d '(; ) 8
 a b
c d

2 SL(2;Z) ; (A.6)
and under the translations of  by Z + Z as
'(; + a + b) = e 2ik(a
2+2a) '(; ) 8 a; b 2 Z : (A.7)
The numbers w, and k, which we take to be integers are called the weight, and respectively
the index, of the Jacobi form '. The denition of a Jacobi form, in addition to the above
transformation laws, include a growth condition that can be stated in terms of its Fourier
coecients. The condition often appearing in physics species22 a weak Jacobi form that
obeys c(n; r) = 0 unless n  0 in the Fourier expansion (A.5).
The periodicity property (A.7) implies that the Fourier coecients have the form
c(n; r) = Cr(4nm  r2) ; where Cr() depends only on rmod 2m: (A.8)
21Modular forms with n0 = 0, or n0 < 0 are called holomorphic modular forms, and cusp forms, respec-
tively, and in these cases the asymptotic growth of a(n) is indeed polynomial in n.
22The condition c(n; r) = 0 unless 4kn  r2 species a class of functions that are traditionally called
holomorphic Jacobi forms, and similarly, Jacobi cusp forms are dened by the condition c(n; r) = 0 un-
less 4kn > r2. This notion of holomorphicity refers to the  variable, and we shall mostly not be concerned
with such functions.
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The quantity  = 4mn r2 is called the discriminant and is a U-duality invariant in terms
of the charges in the relevant physical set up [40]. Note that this implies that c(n; r) = 0
unless n r2=4k   2=4k, where   rmod(2m). In theN = 2 SCFT, the shift of  2=4k
reects the factorization of the boson representing the U(1)R current algebra.
The periodicity property (A.7) also implies the theta expansion
'(; ) =
X
`2Z=2kZ
h`()#k;`(; ) ; (A.9)
where #k;`(; ) denotes the standard index k theta function #k;`(; ) =P
r ` (mod 2k) q
r2=4m yr. The theta coecients have the expansion
h`() =
X
 `0
C`() q
=4k (` 2 Z=2kZ) ; (A.10)
and are modular forms23 of weight w   12 . More precisely, the vector h := (h1; : : : ; h2m)
transforms like a modular form of weight w   12 under SL(2;Z) with the modular trans-
formation law now including a linear transformation that is independent of  . This linear
transformation is the S-matrix that relates the dierent characters of the N = 2 SCFT.
The derivation for the asymptotic growth of the Fourier coecients (` 2 Z=2kZ) is
similar to the modular form case, but now we also have to take into account the CFT
S-matrix that relates h`(1=) and h`0(), dierent values of `
0. The leading growth is
controlled by the most polar term q `
0
0 =4k which appears in the expansion of h`0 for
some `0. We have (see e.g. [65] for a derivation24):
C`()  S 1``0 exp

4
s `00
4k
  
4k

; !1 : (A.11)
To nd the most polar term for a weak Jacobi form, we note that the condition n  0
in the Fourier expansion (A.5), combined with the behavior #k;` = O(q
`2=4k), implies that
its theta coecients h` have 
`
0 =  `2 in the expansion (A.10). Choosing ` in the coset
representative  k + 1;    k, we see that, for a generic weak Jacobi form, the growth is
controlled by k0=4k = k=4, with the most polar term being q
 k=4. In the interpretation
as the elliptic genus of a SCFT, the terms with n = 0 in (A.5) are the Ramond-Ramond
ground states, with R-charge `. Indeed the maximum R-charge is k (this corresponds to
the spectral ow of the NS vacuum which is present in the spectrum for usual compact
SCFTs), so that the most polar term is q k=4, and the growth in this case is
C`()  exp
 

p

 () c(n; r)  exp p4kn  r2 ;  = 4kn r2 !1 : (A.12)
23These are weakly holomorphic, holomorphic or cuspidal if ' is a weak Jacobi form, a Jacobi form
or a Jacobi cusp form, respectively. The Fourier coecient c(n; r) of a weak Jacobi form therefore has
exponential growth as  = 4mn  r2 becomes large.
24As mentioned in [65], one can go much beyond the leading order estimates that concern us here, and
in fact one can get exact convergent expansions for the Fourier coecients of modular and Jacobi forms
using the so-called circle method and the Hardy-Ramanujan-Rademacher expansion.
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For a generic SCFT where the level of the U(1) R-current is k, the central charge is c = 6k,
and the above growth estimate (A.12) is, again, simply the Cardy formula.
We mention one other type of Jacobi form that is relevant in physics, and will be
useful for us. Often the partition function is given by the product of a weak Jacobi form
with 1=()b (this could arise from b bosonic oscillator modes for a center of mass degree of
freedom.) Such a function falls under the category of weakly-holomorphic Jacobi forms|
this is a much larger space than the space of weak Jacobi forms, and correspondingly their
structure is less rigid. For practical purposes, e.g. to analyze the growth of the Fourier
coecients, one can simply treat the -functions separately, and the weak Jacobi forms
separately. In this case, formula (A.12) is modied because the most polar state now has
energy  k4   b24 .
A.3 Meromorphic Jacobi forms
Our main aim here is to study the structure and growth of Fourier coecients of Jacobi
forms '(; ) that have poles in . In particular, we are interested in meromorphic Jacobi
forms dened in the main text which have the form:
Zd(; ) =
Nd(; )
()36d
Qd
j=1 ' 2;1(; j)
: (A.13)
Here the numerator Nd(; ) is a holomorphic Jacobi form of weight w = 16d and in-
dex knum = d(d  1)(d+ 4)=3. The function ' 2;1 of weight  2, index 1 appearing in the
denominator is
' 2;1(; ) :=
#1(; )
2
()6
: (A.14)
The denominator thus has w = 16d, kden =
1
6 d(d + 1)(d +
1
2), so that Zd has w = 0,
kmero =
1
2 d(d   3). Our analysis below follows [40], and is more an illustration of the
points relevant to this paper than a complete rigorous treatment.
The numerator Nd in (A.13) is a weak Jacobi form holomorphic in , and from the dis-
cussion of the previous subsection, the leading exponential growth of its Fourier coecients
is determined by its most polar term q 0 . Using the product formula
#1(; ) =  iq1=8 1=2
1Y
n=1
(1  qn)(1  qn)(1   1qn 1) ; (A.15)
the denominator can be written as:
()32d
1Y
n=1
dY
j=1
(1  yjqn)2 (1  y jqn)2
The structure of the denominator is that of a bunch of bosonic oscillators carrying dierent
charges (some zero). Thinking purely of the growth of states (without considering signs),
one may be tempted to conclude that the Fourier coecients of the ratio Zd grows faster
than the numerator Nd because the bosons that the denominator represents will only add to
the growth. This is, however, not quite correct because we are really computing an index.
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The numerator generically has both positive and negative signs in its Fourier expansion.
Asymptotically, as n ! 1, each power of y typically has a xed sign. The expansion of
the denominator gives a growth of bosonic states (all positive signs) weighted by dierent
powers of y. These states, when combined with the negative sign states in the numerator,
can thus reduce the growth of states in the ratio [36].
Decomposition of meromorphic Jacobi forms. One thus needs to consider the
Fourier expansion of the full meromorphic Jacobi form Zd, which is a non-trivial prob-
lem. The usual method of using the ellipticity property to rst write a theta-expansion
as in (A.9) and then using the modular properties of the theta-coecients h`() does not
work | the right-hand side of (A.9) is holomorphic in , while Zd has poles in . Further,
the theta-expansion (A.9) is equivalent to the statement that the Fourier coecients only
depend on 4mn  r2, and rmod 2m. A meromorphic Jacobi form near a pole will behave
locally like (1   y) , where  > 0 is the order of the pole. This implies an unbounded
Fourier expansion of the type
P1
n=0 a() y
, with a() having polynomial growth in .
The main decomposition theorems (Theorems 8.1{8.3) of [40] present a solution of
this problem. With the conditions as specied there, the theorems say that a meromorphic
Jacobi form  of weight w and index k > 0 can be decomposed uniquely into a nite
piece  Fk and a polar piece  
P
k
 k(; ) =  
F
k (; ) +  
P
k (; ) ; (A.16)
where the denitions of the two pieces on the right hand side is a priori unambiguously
given in terms of the left-hand side. All three parts of the equation (A.16) have the same
elliptic transformation property (A.7) governed by the index k. The polar part has the
same poles and residues as the meromorphic Jacobi form, and can be written as sums of
products of the negative Laurent coecients of  with explicit functions of  and  (called
Appell-Lerch sums). Having separated out the polar pieces, we nd that the nite piece is
holomorphic in , and therefore has a theta expansion with theta-coecients hF (). The
main statement of the theorem is that the nite part  Fk (; ) is a mixed mock Jacobi form,
or equivalently, its coecients hF () are vector-valued mixed mock modular forms.
We refer to [40] for a discussion of the notion of mock modular forms and mock Jacobi
forms detail. Here we only state the bare minimum facts. A mock modular form is
holomorphic function f() which is almost modular, but not quite | its lack of modularity
is governed by another anti-holomorphic modular form g which is called the shadow of f .
The function bf = f + g, called the completion of f transforms as a holomorphic modular
form, but it is not holomorphic. The function g, and therefore the function bf obeys a
holomorphic anomaly equation:
(42)
w @
bf()
@
=  2i g() : (A.17)
The additional adjective mixed means that the mock modular form can be multiplied by
a true modular form. In this case, the shadow is of the form h() g(), where h is a
holomorphic modular form. Mock Jacobi forms are holomorphic functions of  obeying
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the elliptic property and therefore have a theta-expansion. Their theta coecients are
now vector-valued mock modular forms h` with a corresponding vector of shadows g`, ` 2
Z=2kZ. For the meromorphic Jacobi forms discussed in the text, the shadows g` are simply
the theta functions #k;`(; 0), or suitable derivatives thereof. When the meromorphic Jacobi
form of index k has a second order pole with Laurent coecient D(), the shadow function
is D()
P
`2Z=2kZ #k;`(; 0)#k;`(; z). This relates to the functions discussed in section 4.
Fourier coecients. With this decomposition in hand, we can analyze the growth of
the Fourier coecients of the meromorphic Jacobi form. We have three main conclusions:
1. The nite part  Fk has a theta-expansion of the form (A.9). In particular, the co-
ecients of the Fourier expansion  Fk (; ) =
P
n;r c
F
k (n; r) q
n yr vanish for large
negative values of  = 4kn   r2. The Fourier coecients of the polar parts are
non-zero for unbounded negative values of  = 4kn  r2.
2. The Fourier coecients of the nite part  Fk grow much faster than those of the polar
part  Pk , in any expansion region.
3. The Fourier coecients cFk (n; r) of the nite part  
F
k have the same growth as those
of a true holomorphic Jacobi form of the same index:
cFk (n; r)  exp

2
r
(6k + b)
6
 
n  r2=4k ; n!1 ; r xed, (A.18)
where the most polar term in  Fk is O(q
 k=4 b=24), as at the end of section A.2.
We now give some details of the arguments that support these conclusions. The rst
conclusion essentially follows from the statement of the decomposition theorem above:
as discussed above, the unbounded behavior in negative discriminant  comes from the
existence of poles in y, and these are completely separated out by the polar term  Pk . The
nite part is holomorphic in , and therefore, has a bounded, periodic, Fourier expansion
as for a true Jacobi form. In order to explain the second and third conclusions about the
growth of the Fourier coecients, we shall analyze each piece in (A.16) in turn, illustrating
our statements with the reference case of the K3 theory which we discuss in section 4.2.
There,  k has weight  12, index k, with only one double pole at  = 0 + Z + Z, with a
constant Laurent coecient.
We rst discuss the nite part. The asymptotic growth of the Fourier coecients can
be determined by the use of the modular transformation applied to the most polar term
in q as for true modular and Jacobi forms (sections A.1, A.2). The main point is that the
holomorphicity in y guarantees that there is a most polar term in the q-expansion. Thus,
although the modular transformation properties of the mock modular and Jacobi forms
diers from that of true modular and Jacobi forms, it only does so at sub-leading order,
and leading exponential estimate25 remains the same26 as in (A.18). This statement is
25This was, in fact, already pointed out by Ramanujan.
26In fact one can do much better. Since mock modular/Jacobi forms are only dened modulo true
modular/Jacobi forms, one can try to subtract true Jacobi forms from  Fk to dene a canonical mock Jacobi
form of slow growth for each k. In the K3 situation, it was shown in [40] that this can be systematically
done for every k so that the leading growth of the black hole is really controlled by a true Jacobi form of
index k, and the \mock piece" is really small (roughly e
1
k
p
4kn r2 instead of e
p
4kn r2).
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illustrated by the explicit sub-leading estimates that have been worked out for the functions
arising in the K3 theory [36].
We now discuss the polar part. The polar part is completely determined by the poles
of  m and its Laurent coecients at the poles. Suppose there is a pole at  = P = +,
;  2 Q, of order a 2 N, the meromorphic Jacobi form with singular part DP () (  
P )
 a near the pole, where the Laurent coecient qm(+)DP () is,27 a modular form of
weight w a. In such a situation, the polar part is a product of DP () and explicit functions
called Appell-Lerch sums that are essentially index-k averages over the lattice Z+Z of the
basic pole ( P ) a. The full polar part is a sum of such products over all the poles of  k.
In the K3 situation, there was one pole of order 2 at  = 0, and the relevant Appell-
Lerch sum is presented in (4.10), (4.12). As explained there, its Fourier coecients grow
extremely slowly. In our F-theory situation, the functions Zd have higher poles of even
orders from  = 2 to  = 2d. (See [46, 47] for a more detailed analysis of the higher
pole cases.) In each case, the simple Appell-Lerch sums A2;k(; ) are replaced by more
complicated polar functions, but the conclusion of slow (polynomial) growth is valid in
each of the cases. So, for our question of interest, one can ignore the Appell-Lerch sums,
and the only exponential growth comes from the Laurent coecients.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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